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Deformation Under Transverse Loading
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Fig. 9.3 (a) Cantilever beam with
concentrated load. (b) Deformed beam
showing curvature at ends.

Relationship between bending moment and
curvature for pure bending remains valid for
general transverse loadings.

o,

1_

M(x)
EI

Cantilever beam subjected to concentrated
load P at the free end,

1

o,

_bx
El

Curvature varies linearly with x

At the freeend A, —=0, p,=o
P4

At the support B, 1 £0, ‘ PB‘ _ kI
Pp PL
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Deformation Under Transverse Loading
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Fig. 9.4 (a) Overhanging beam with two
concentrated loads. (b) Free-body diagram
showing reaction forces.

M

(b

Fig. 9.5 Beam of Fig. 9.4. (a) Bending-moment
diagram. (b) Deformed shape.

Overhanging beam
Reactions at A and C
Bending moment diagram

Curvature is zero at points where the
bending moment is zero, 1.€., at each
end and at E. 1 M)

p EI
Beam is concave upwards where the

bending moment is positive and concave
downwards where it is negative.

Maximum curvature occurs where the
moment magnitude 1s a maximum.

An equation for the beam shape or
elastic curve is required to determine
maximum deflection and slope.
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Equation of the Elastic Curve

* From elementary calculus, simplified for beam
Y parameters,

Fig. _9.7 Slope 4(x) of tangent to the
elastic curve. « Substituting and integrating,
1 2
Bt = Er9Y - ()
Joj dx

dy |
Esz]a:{M(x)dmc1

E[y:jdij(x)dx+C1x+C2
0 0
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Equation of the Elastic Curve

Y
PrrerTT]  Constants are determined from boundary
Adalt Y l_@_kg?/  a— conditions
W e S g = v x
‘ Ya=" yp=" EIy:J‘dx"‘M(X)dX‘l‘CIX‘l‘Cz
(a) Simply supported beam 0 0
Yy ) . .
B l' » Three cases for statically determinant beams,
R == SN
© T A :
v =Y — Simply supported beam
Ya="Y = ()
Y = O - O
(b) Overhanging beam yA ’ yB
Y

— Overhanging beam

A tf\f?_\\ ‘!71’ ,\- y,4=0, y=0
e — Cantilever beam

H\ ) yAZO’ HAIO
(¢) Cantilever beam

Fig. 9.8 Known boundary conditions for
statically determinate beams.

« More complicated loadings require multiple
integrals and application of requirement for
continuity of displacement and slope.
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Determination of the Elastic Curve from the Load

Distribution
y
* For a beam subjected to a distributed load,
Y ¥y —=V(x = = —wlx
) ;‘?j{\ v_\l v_:\ i J’_f _‘ ) dx ( ) dx> dx ( )
.. \;:—" Bm « Equation for beam displacement becomes
Lya=" =
[0, = 0] (M = 0] dzM d4
(a) Cantilever beam 5 = EI—S: = —W(X)
dx dx

y
 Integrating four times yields
Ely(x) = —j dx'[ dx'[ dxj W(x) dx

1 3,1 2

X

[ya=0] [ yp= 0]
M= 0] (M= 0] .
; ’ * Constants are determined from boundary

conditions.

(b) Simply supported beam

Fig. 9.12 Boundary conditions for (a) cantilever
beam (b) simply supported beam.
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Statically Indeterminate Beams

* Consider beam with fixed support at A and roller
support at B.

| / | e From free-body diagram, note that there are four
[—a—t" unknown reaction components.

atidib b _* Conditions for static equilibrium yield
—, YFE.=0 > F,=0 >M,=0

Fig. 9.14 (a) Statically indeterminate The beam is statically indeterminate.
beam with a uniformly distributed load.

(b) Free-body diagram with four unknown * Also have the beam deflection equation,
reactions.

X X
y Ely:jdij(x)dx+C1x+C2
0 0
which introduces two unknowns but provides
three additional equations from the boundary
- [x=L,y=0] conditions:

{\' =0, y =

Fig. 9.15 Boundary conditions for beam of — — — — —
Fio o 14 Atx=0,0=0y=0 Atx=L,y=0
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Sample Problem 9.1

l)

A B
|
A =

(1 —>

A

~

R
A

W360x101 7=300x10°mm* E=200GPa
P=200kN L=4.5m a=12m

For portion AB of the overhanging beam,
(a) derive the equation for the elastic curve,
(b) determine the maximum deflection,

(c) evaluate y, ..

Beer ¢ Johnston ¢« DeWolf ¢ Mazurek ¢ Sanghi

SOLUTION:

Develop an expression for M(x)
and derive differential equation for
elastic curve.

Integrate differential equation twice
and apply boundary conditions to
obtain elastic curve.

Locate point of zero slope or point
of maximum deflection.

Evaluate corresponding maximum
deflection.
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Sample Problem 9.1

1" SOLUTION:
B

4 I * Develop an expression for M(x) and derive
v . i ' differential equation for elastic curve.
R A |
P - Reactions:
Pa a
| R,=—1 R :P[1+—)T
A B 4 B
L L
Y R, T“/, - From the free-body diagram for section AD,
- L o —— a
; o M=-P—x (0<x<L)
D
A | ) M , , : ,
| - The differential equation for the elastic
X >
L 7
Ty curve, 2
Fig. 1 Free-body diagrams of beam and portion E[ﬂ = —Pﬁx
AD. dx?
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Sample Problem 9.1

y * Integrate differential equation twice and apply
[x =0,y = 0] [t=L,y=0] boundary conditions to obtain elastic curve.
e dy 1 _a ,

A El—=——P—x"+C

T B ’ % dx 2 L !

| L | a —>‘ 1

a 3
Ely=——P—x"+Cx+C
Ve L ! 2

Fig. 2 Boundary conditions.

atx=0,y=0: C,=0

1 1
atx=1L,y=0: EI(0)=--P=[*+CL C,=—PaL

6 L 6

E]d—zy __pZ, Substituting,
dx’ 2
Eldy—_lpﬁxz‘FlPaL ﬂ PCZL 1 — 3(1}
2 L 6 dx  6EI I
I a 1

Ely=—=P—x>+—PalLx
6 L 6

_ Pal’ 1_(1]3
Ve | T\ L
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Sample Problem 9.1

* Locate point of zero slope or point
g 7 of maximum deflection.

i e j\\\b . ,
- E\,C g Lol 1—3[’“—’”) X, === 0.577L
— dx 6EI L NG)
Fig. 3 Deformed elastic curve with location of
maximum deflection. . .
 Evaluate corresponding maximum
deflection.
Pal’ 3
6EI | L \L Pl
v =0.06422
(200 x 10° N)(1.2m)(4.5m)’
Vo =0.0642

6(200 «10° Pa)(300 x1076 m4)

=5.2mm

y max
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Sample Problem 9.3

771" SOLUTION:

111 oentlequat
A G Y 5 * Develop the differential equation for
2 the elastic curve (will be functionally

N 7 R dependent on the reaction at A).
 Integrate twice and apply boundary

For the uniform beam, determine the conditions to solve for reaction at A
reaction at A, derive the equation for and to obtain the elastic curve.
the elastic curve, and determine the
slope at A. (Note that the beam 1s  Evaluate the slope at A.
statically indeterminate to the first

degree)
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Sample Problem 9.3

» Consider moment acting at section D,

/
/ 2
1 (w X ) X
Y 11 Y Ryx—=| ——|5-M=0
I : Ty W
R M=R,x—-—2
. . . 6L
Fig. 1 Free-body diagram of portion AD
of beam.

« The differential equation for the elastic
curve,
2 3
E19Y = Ry 0
dx 6L
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Sample Problem 9.3

Y
[x =L, 6=0]

[x =L,y =0]

 Integrate twice

Fig. 2 Boundary conditions.

Copyright © 2015 McGraw-Hill Education.

4
Y —pro=Lp 2 2 ¢
dx 2 241
x
1 3 w0x5
Ely=—R x" — +Cx+C
Yoo o T T

« Apply boundary conditions:

atx=0,y=0: C,=0
atx=1L,0=0; %RALz - Wof +C =0
atx=1L,y=0 %RAL3 - WO;: +CL+C,=0
» Solve for reaction at A
%RAL3—%WOL4=O RA—%WOLT
Permission required for reproduction or display. 9-15
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Sample Problem 9.3

* Substitute for C,, C,, and R, in the

B
x elastic curve equation,
= S
Ely= l[LWOLj x° — Yo —( : W0L3) X
= L > 6\10 120L  \120
Fig. 3 Deformed elastic curve showing . Wo 5 2.3 4

 Differentiate once to find the slope,

_b_ W (—5x4 + 61252 —L4)
dx  120EIL
L3
atx =0, _ M
47 120E1
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Method of Superposition
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Fig. 9.21b-d (b) The beam’s loading can be obtained by superposing deflections due to (c) the
concentrated load and (d) the distributed load.

Principle of Superposition:

» Deformations of beams subjected to * Procedure is facilitated by tables of
combinations of loadings may be solutions for common types of
obtained as the linear combination of loadings and supports.
the deformations from the individual
loadings
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Sample Problem 9.7

w
A Cy vyyvyy ¥ For the beam and loading shown,
determine the slope and deflection at
~—L/2——>t<~—L/2— point B.
SOLUTION:

Superpose the deformations due to Loading I and Loading Il as shown.

Loading I Loading 11

-
-~

|
\
\
vo]

~
N~
o
~
T
o
—~—

<

~ I
N

2=
o |
~

"

e
o

Y ‘ Iy l Y ’ B 6

s

= x ‘-— — — VY
T ™ 7

A e \YB'I
— ~ Y

-

Fig. 1 Actual loading is equivalent to the superposition of two distributed loads.
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Sample Problem 9.7

Loading I
A w
FEY L &L | 1 l;—]
YYYYVYYVYVYY Y

! 14 |
Yy

X
———— o
r \ |

B e ‘”}:‘I
Loading 11

A C B

]

A A A A A
PPt te |
fe—— [ /O —> L/2
T (@)

A

/ ;‘.’//;'//
A X

Fig. 2 Deformation details of the
superposed loadings I and II.

Johnston ¢

Loading I

(6’3)1?2—5 W,:—Q%j
Loading 11

0, -2 (), -

In beam segment CB, the bending moment is
zero and the elastic curve is a straight line.

L3
((93)]] :(QC)II - 4‘/;E]

wL'  wD (L) 7w

= + — | =
(8) 128EI | 48EI\2)  384EI
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Sample Problem 9.7

Loading 1

Beer ¢ Johnston ¢« DeWolf ¢ Mazurek ¢ Sanghi

Loading I1

w A w A
‘ cyiviviy YEETETITEREY @G
. POl O
l—1r L/2—| | I l—rLp—s 12—
y !/‘ !/| B (0p)1;
T (6
X X _,_——ﬂ—";j_j:,/////& Awl//‘»'”
e L= e 4
A .~ YB A = \\\\ ! B/ A

B

Fig. 1 Actual loading is equivalent to the superposition of two distributed loads.

Combine the two solutions,

> wl?
Op =(03), +(05), =~ ZEI ’ 4ng1
wLt 7wl
VB = (J’B)I +(yB)11 ~8EI " 384E1
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Statically Indeterminate Beams

Copyright © McGraw-Hill Education. Permission required for reproduction or display.

(b) (c) (d)

Fig. 9.22 (b) Analyze the indeterminate beam by superposing two determinate
cantilever beams, subjected to (c) a uniformly distributed load, (d) the redundant

reaction.
* Method of superposition may be e Determine the beam deformation
applied to determine the reactions at without the redundant support.
the supports of statically indeterminate
beams. » Treat the redundant reaction as an
unknown load which, together with
* Designate one of the reactions as the other loads, must produce
redundant and eliminate or modify deformations compatible with the
the support. original supports.
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Sample Problem 9.8

w

TEERERREIRNY

é&: — _A(_ For the. uniform bea}m and loading shown,
determine the reaction at each support and
913 L_ 1 - the slope at end A.
< i -
SOLUTION:

* Release the “redundant” support at B, and find deformation.

» Apply reaction at B as an unknown load to force zero displacement at B.

u i
| ] ] 1 | |
AR E SRS K E $ A Y

Y Y Y YYYYYY VY VY A B C
Al , - IC — A e 4 3
oédo B N prrecee B VN ot v -
R, R,
. 2L/3 {~L/3— , 21/3 t<L/3— , 2L/3 f—L/3—
y .'/‘ J B
B ¢ . C . p—
A o — e X — A = 4+ AF : C x
nidn == A - — : o & o £\
B {
l 0

\'R YB/R

Fig. 1 Indeterminate beam modeled as superposition of two determinate simply supported beams
with reaction at B chosen redundant.
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Sample Problem 9.8

 Distributed Loading:

w W
\w’rvlllill¢lvv (yB)W:_24EI|:x4_2Lx3+L3X:|
- B xRz _/'_\(_
2L/3 [ L/3—
L |
y
T //C\ - At point B, X = %L
S—_——s
(Op)y \YB 4 3
o), = | (22) <2z 22) w0 (21)
v 24EI|\3 3 3
4
_ 00113225
El
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Sample Problem 9.8

* Redundant Reaction Loading:

4 B C For a:%L and bz%L
oo A
Tnli 2 2
~—2L/3 l—L/3— ( ) _ Ry [% L] (é]
y ) YBle T3E\37) 3
A /’/?—' I—=— C 4 3
R,.L
& A =0.01646—2
(4R (YB)R El
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Sample Problem 9.8

h\{lwrllvilli£l+(w _\¥ivvilllivlvv(‘ + /{\ B IC
ol BT 7 S v B : .- t A
R ‘ Ry
< 2L/3—1<L/3— . 2L./3 —L/3— ~—2L/3 |<L/3—

J !/‘ y 5

Ala B L = /C X e —aa C ¢
e P W= —— e LN O

B (Oa)R Yp)p

= 0] ()
I!/l’ 0] ‘“\‘u ‘_[/H u

* For compatibility with original supports, y, =0

L RyL
0=(y5) +(vs), =—0.01132%+0.01646 21

R, =0.688wL T

* From statics,

R,=0271wLT  R.=0.0413wL T
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Sample Problem 9.8

w w

PISLL I LETL) . W lIdiiigliiLll A B c
£ BT _E = a4 B “AC + ® = A
Ry Ry
~——921/3—>|<L/3— ! 9L/3 ——={=<L/3— !4 2L/3 l—L/3—
Y .’/I !/‘ B
A //,Bf'—\\,g il A C \ AR /,:_-’__'_’_' e __:\: o
[y = 0] (8, B o Al 2L
Slope atend A,
I I
(6,) =-———=-0.04167"—
W D4E] EI
Pb(I? - b? 2 3
(04)5 =~ | ) - 2088wl [éj r —(5) ~0.03398 5
R 6EIL 6EIL \3 3 El
0, =(6 6,) =-0 O4167—WL3 0 03398—WL3 wL’
A_( A)w+( A)R__ . EJ +0. EJ 6, =-0.00769 —
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