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Lecture 7: Root Locus: Lead-Lag Compensator Design
PID Control Design based on Root Locus
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Lecture Outline

= Root Locus: Lead-Lag Compensator Design
= PID Control Design with Matlab using Root
Locus
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Course roadmap

Modeling

|
¥ Laplace transform

¥’ Transfer function
¥’ Models for systems
Vv electrical
¥ mechanical

v electromechanical

¥ Linearization, delay

]

Analysis

!

V:’Time response
v’ Transient

v’ Steady state

Frequency response
* Bode plot

Vv Stability
V'Routh-Hurwitz
* Nyquist

Design

Design specs

P Root locus

0

Frequency domain

»
PID & Lead-lag

Design examples
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Closed-loop design by root locus

Designable! — Fixed!

= Controller Plant

= Place closed-loop poles at desired location
= by tuning the gain C(s)=K. (for time domain specs)
= |f root locus does not pass the desired location,

then reshape the root locus
= by adding poles/zeros to C(s). (How?)

Compensation
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Lead and lag compensators

ﬁ-

— Controll Plant 3
ontroller an C(3)=KHTZ, (50, 0)
s+p

= | ead compensator = [ ag compensator
tlm TIm
x O » Re A x » Re

)
—p - ~2 =P

The reason why these are called “lead” and “lag” will be explained
in frequency response approach (later in this course).

"3¢7 Umm Al-Qura University
4 College of Engineering & Islamic Architecture
/) Mechanical Engineering Department



http://uqu.edu.sa/

Roles of lead & lag compensators

= | ead compensator

s+ z
= Improve transient response  Clreqd(s) = Kl.g. T pl
= |mprove stability !

= |Lag compensator s+ 2
J P CLag(s) = K>
= Reduce steady state error s + p2

= | ead-lag compensator
= Take into account all the above issues.

CLL(S) = CLmd(S)CLag(S)
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/ Lead compensator design \

= Consider a system
4
s(s 4+ 2)

G(s) =

= Controller Plant

= Analysis of CL system for C(s)=1 -
= Damping ratio £=0.5 \ t
= Undamped natural freq. on=2 rad/s :
= Performance specification

= Damping ratio £=0.5 - Re
- —_ CL pole
\ Undamped natural freq. on=4 rad/s with C(s)=1 /

2v/3j
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Angle & magnitude conditions (review)

= A point s to be on root locus <=2 it satisfies
= Angle condition

Odd number
/L(s) =180°x (2k+1), k=0,£1,42,...

= For a point on root locus, gain K is obtained by

= Magnitude condition ]
L = —
| L()| = |
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ﬁead compensator design (cont’m

Evaluate G(s) at the desired pole.

(-2+2v35)2V3j  3+3j 12

G(-242V3)) =

o |If angle condition is satisfied,

o In this example,
/G(-2 4 2V3j) = —210
Angle condition is not satisfied. _3

Re
\ Angle deficiency ¢5 = 30 12 /
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o ™~
/ Lead compensator design (cont'd) \

To compensate angle deficiency,
design a lead compensator C(s)
S+ 2
C(s) =K
STDP
satisfying Desired pole
\/_- \ Im
/C(_2 + 2 3J) - 30(_‘ d)) ? ....... -2\/5.}
(== /GC(~2+2V3j) = -180]
—2 Re
\There are many ways to design such C(s)! /
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How to select pole and zero

= Select pole and zero s.i. Desired pole Im

X O \_31 t

| =30 (angle deficiency) | g 2v/3]

Why?
o+ 3+~ =180 - Re
{ o+~ =180 /
=) ¢+ 0 =a
- 6=a—f=/(s1+2)~/(s14p) = /215 = /C(sy)

S1

"321 Umm Al-Qura University
4§ College of Engineering & Islamic Architecture
&/\j) Mechanical Engineering Department

11



http://uqu.edu.sa/

/ A method to select pole and zercm

= Draw horizontal line PA Desired pole Im
* Draw line PO

2v/3j

= Draw bisector PB

1
[{APB = /(BP0 = §/APO

» Re

= Draw PC and PD

f / = ?‘\—2 o]
/CPB = /BPng D

p(=-5.4) -z(=-2.9)

&Pole and zero of C(s) are shown In the figure./
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/ Comparison of root locus \

= G(s) = G(s)C(s)

\ Improved stability!/
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/ How to design the gain K? \

* | ead compensator

C(s) = KS + 2.9
s+ 5.4
= Open loop transfer function
4(s + 2.9)
G(s)C(s) =K
(£)C(s) s(s+2)(s+5.4)

= Magnitude condition

\H 4(s+2.9) |

| —1| K =4.675
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ﬂ)omparison of step responses

Compensated system Uncompensated system (C(s)=1)

1.4

1.2

1

0.8

0.6

[ Lead compensator gives
0.4Fp-7--r-F +fastertransientresponse
0ol 0/ 1| (shorter peak and settling ti

L | » improved stabiility
Qe '
0 : 2 3 4 5
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/ Error constants \

4 4.675(s + 2.9)

GO = 5y 154

5

= Step-error constant Unit ramp input |

Kp:=1im G(s)C(s) = 4_;:_\&_ o

s—0 al I __ _

~

= Ramp-error constant
Ky .= Iiﬂ‘(lj sG(s)C(s) =5.02
_S—]-

—

0 |

Lag compensator can be used to reduce
steady-state error.
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Roles of lead & lag compensators

* Lead compensator

S Z
= Improve transient response  Clrcqq(s) = Kl«s-:: )1
= |mprove stability hl
= | ag compensator s+ =2
5 2 ClLag(s) = Kp——
= Reduce steady state error s + p2

= | ead-lag compensator
= Take into account all the above issues.

Cr1(8) = CLead(8)ClLag(s)
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ﬂ_ead-lag compensator design\

= Consider a system

G(s) = (s + %) — Controller  Plant
= Analysis of CL system for C(s)=1
= Damping ratio £=0.5 Desired pole
= Undamped natural freq. on=2 rad/s \ Im
= Ramp-error constant Kv=2 1 ,
? ------- 2.\/5‘)

= Performance specification
= Damping ratio £=0.5

= Undamped natural freq. on=4 rad/s —2 Re
\- Ramp-error constant Kv=30 /

&/ ) Mechanical Engineering Department
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/ Error constants \

(after lead compensation)
4 4.675(s+ 2.9)

NOT SATISFACTORY!
Lag compensator can reduce steady-state error.

G(s)C 5) = .
( ) Lﬁﬂnd( ) S(3+ 2) S—I— 5‘4
= Step-error constant g T |
Unit ramp input |
Y I I I N R .~
Kp := lim G(5)Clequls) = o TN 2
§— alo L _______Jr  _ l_ _ _ ]
| | | |
= Ramp-error constant b ___:__\_:_--—
, . L___Z | Ranip response
Ky = IerE]SG(‘?‘)CfErmf(S) = 5.02 | | |
o P a ! ! ! !
0 1 2 3 4 5
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m-low to design lag compensator\

s+ 2
" Lag compensator Crag(s) =

= \We want to increase ramp-error constant

Ko = 1im sG(5)Cpead($)CLag(s) = 5.02- ® 550
5— | p

Take, for example, z=10p.

= \We do not want to change CL pole location s1 so
much (already satisfactory transient).

1+ G(51)Ceqals1) =0 } 14 G(51)Cpeads1)Cragls1) %0

\ CLag(Sl) ~1 /

College of Engineering & Islamic Architecture
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ﬁ?oot locus with lag compensatom

= Without compengsator = With compensator

—
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Guidelines to choose z and p

= The zero and the pole of a lag compensator
should be close to each other, for

CLag(s1) = 1
= The pole of a lag compensator should be close

to the origin, to have a large ratio z/p, leading to
a large ramp-error constant Kv.

= However, the pole of a lag compensator too
close to the origin may be problematic:

= Slow settling (due to closed-loop pole near the origin)

t Umm Al-Qura University
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/ How to design lag compensatom

= For the desired CL pole s1 = —2 + 2V/3;

p=0.025

= |ead-lag controller

(*‘a)—46759+29 s+ 0.25
€L s+ 54 s+ 0.025
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Root locus

With lead compensator With lead-lag compensator
Root Locus Root Locus
15 7 15 -|
| | |
10} | 4 10} | ,
| / Desired pole | |
| | !. |
5 A 51 \ I
2 A\ | % AN
f Ofe———o0-g——t-{ F Ofe———o -
: A/ | £ YO
51 I. o 5} s
] | I
| | ' |
-10} o -10} -
[ I
I I
_1 5 i i i _1 5 M i i
6 -4 -2 0 6 -4 -2 0
Real Axis Real & xis
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/ Comparison of step responses

1.4

1.2

0.8

0.6

1sator
0.4
\pensator

0.2

%% Mechanical Engineering Department
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/Comparison of ramp responses

5

T o
| P
|
|
|

I —
=

ed
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Compensator realization

= One example, using operational amplifiers

R4

R3

I vo(t)

Ry RoCos+ 1
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Compensator realization (cont'd)

= Transfer function K

Vo(s)  Roteos Ry (R4Ci\ S-

C(s) = = C— =
(¢) Vi(s) ok Rs \RsCo/ s-
R1+CL15
= |_ead compensator = |_ag compensator
1 tim 1 tim
_ﬁ'QC'Q _Rlcl
X O » Re O X » Re
1 1
—ﬁ R->Co

"3¢7 Umm Al-Qura University
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Course roadmap

Modeling Analysis Design
I |
4 Laplace transform "fTime response :
v Transient Design specs
¥ Transfer function ¥ Steady state I Root locus
v Models for systems I:> Frequency response |:> .
? electrical » Bode plot Frequency domain

¥’ mechanical
v electromechanical ?Stability
v Routh-Hurwitz

ﬁ Linearization « Nyquist

2 PID & Lead-lag

Design examples
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PID controller

— t de(t
t-domain: u(t) = er(t){-}(i/ e(r)dr + K, e(t)
| \ 0 J dt
\4

— "

Proportional Integral Derivative

[ K-'. l
s-domain: C(s) = Kp+ — + K s = K, (1 +—+4 KD!_-:)
5 F‘ ¥
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Notes on PID controller

= Most popular in process and robotics industries

= Good performance
= Functional simplicity (Operators can easily tune.)

= To avoid high frequency noise amplification,

derivative term is implemented as
KdS

TdS —|— 1
with td much smaller than plant time constant.

Pl controller  C(s) = K, + K;/s
PD controller C(s) = Kp + Kys

de ~

t Umm Al-Qura University
College of Engineering & Islamic Architecture
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/ A simple example

™

(s +

= We plot y(t) for step reference r(t) with

= P controller

= P| controller
= PID controller

1)3

/

# Umm Al-Qura University
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P controller

C(s)

=K'p

= Simple
= Steady state error

Higher gain gives

smaller error

= Stability

Higher gain gives
faster and more
oscillatory response

# Umm Al-Qura University
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/ Interpretation: P controller \

Root locus

Steady state error

1

€ss

1
14+ Kp
(This Kp Is the

1+ G(0)C(0)

P controller gain.)

/

t Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department

H '::?_ TN e
ST
By oo

34


http://uqu.edu.sa/

/ Pl controller \

K.
C(s)zKPJr?1

= Zero steady state
error (provided that
CL is stable.)

= Stability

= Higher gain gives
faster and more
oscillatory response

t Umm Al-Qura University
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/ Interpretation: Pl controller \

Root locus 1 1 s+ &R _
| Terns s 0

\‘\I | | | i | | # 3
AN g ) m s{14(s4+ 1)+ K =0
2 \\ e 4 ' -~ 14K 1

| 4 s =

| S N R KA [y
____________________*_\":*____i ____________________
| Steady state error
1+ /,/ N |
ﬁ 4 N\ _— : _
a Y \_\..\2 y 55 1+ q ( 0) O ( 0)

a / | S
A (due to the integrator
5 4 3 2 1 0 1 2 3 in C(S))

Umm Al-Qura University
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/ PID controller \

K, =25, K; =15 | C(s) = Kp+ 24 Kys
T 5

= Zero steady state
error (due to integral
control)
= Stability
= Higher gain gives
more damped
response

= Too high gain
worsen performancy

# Umm Al-Qura University
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/ Interpretation: PID controller \

Root locus 2 .
1+ ! "Kd.b +2«5b+1.5=0
I I | I (S + 1).i ]

4 | . 2

| i m 14+ K . =
i il L 1+ ds(s-l— 134255+ 15
z - - 45 _ Steady state error

/ i 1
4 | 1

i : Cau — —
- 1+ G(0)C(0)

(due to the integrator
in C(s).)

Umm Al-Qura University
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How to tune PID parameters

= Empirical (Model-free)
= Trial and error
= Ziegler-Nichols tuning rule (1942) (Appendix)
= Useful even if a system is too complex to model
= Useful only when trial-and-error tuning is allowed

= Model-based

Root locus
Frequency response approach

Useful only when a model is available
Necessary if a system has to work at the first trial

t Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘wng&“ Mechanical Engineering Department
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PID controller realization

= One example: Using OP amp
C1
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Course roadmap

Modeling Analysis Design
I |
v Laplace transform i’fTime response :
v’ Transient Design specs
¥ Transfer function ¥ Steady state I Root locus
¥ Models for systems E> Frequency response |:> .
? electrical » Bode plot Frequency domain

¥ mechanical
v electromechanical ?Stability
¥ Routh-Hurwitz

v?i Linearization « Nyquist

¥ PID & Lead-lag

Design examples
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/ A design example (review) \

= Consider a system

stem —o
G(s) = — Controller  Plant
s(s+2)
= Analysis of CL system for C(s)=1
= Damping ratio £=0.5 Desired pole
= Undamped natural freq. ®n=2 rad/s \ Im
= Ramp-error constant Kv=2 - 2V3

= Performance specification
= Damping ratio £=0.5

= Undamped natural freq. on=4 rad/s —2 ;29
\- Ramp-error constant Kv=350 /

# Umm Al-Qura University
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Lead & lag compensators (review)

= | ead compensator
= Improve transient response Creqq(s) = K

s+ 21

S+
= Improve stability Pl
= Lag compensator Cr o (8) = Ko® + 22
= Reduce steady state error _— s + p2

= | ead-lag compensator

= Take into account all the above issues.

s+29 s40.25
s+5.4 s+ 0.025
Lead Lag

GLL(S) = 4.675

# Umm Al-Qura University
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SISO Design Tool in Matlab

4 SIS0 Derion for SIS0 Desipn Tasck

= Graphical-user
Interface (GUI) that
allows you to design
compensators.

= Type “sisotool” in
Matlab prompt.
>> s1sotool
= Select “Root locus”

from View 2 Design
Plots configuration.

-1

R

Root locus plot

I L
4 {1 u

15

Right-clc aniha phods for move dasgn ophon s,

"3¢7 Umm Al-Qura University
A8 College of Engineering & Islamic Architecture
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SISO Design Tool (cont'd)

150 Design for 5150 Design Task (7).
= |nput the plant -
>> num=4;
>> den=[1 2 0]; O
>> sysG=tf (num,den) ; [ @
* Import the plant sysG|. | [’ —
from File 2 Import :

"3¢7 Umm Al-Qura University
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SISO Design Tool (cont'd)

= You will see the root
locus plot for

4
s(s+ 2)
= The default setting
C(s)=1.

= The corresponding
closed-loop poles are
iIndicated by pink
squares.

G(s) =

} 8180 Design fior $I50
E Edt  Wizwi

L‘a X0 2[R 8

Desien Tack [2)
De-slgrs nal\-'sls. ls.l.ll.ﬂd:n Help

Rogt Loc.:s Ecioy Toe Ceen Lodap 1 (9L ]

l

I[ 1
2 1 o0& 0E 0.4

Appied nesy configurebion. Right-cick onihe plots for desipn ophons.

"3¢7 Umm Al-Qura University
4 College of Engineering & Islamic Architecture
‘m\p?? Mechanical Engineering Department



http://uqu.edu.sa/

SISO Design Tool (cont'd)

& Add a pOIe & a ZEI‘O b §180 [reclan for SIS0 Desian Task (2)

Fie Edf Yiew Cesigrs Anelyss Tods  Window  Hep

of a compensator, [[©" > R
and adjust its gain: “ | \
] s+ 2.9 \
) — 4.675 |
Lead(S) i1 B4 | x\
» [fnecessary, move | T OO —;

the pole and zero /’/
= by click-and-drag, or | 3

= Design-> Edit )
Compensator... T

Exbfed File:,

"3¢7 Umm Al-Qura University
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SISO Design Tool (cont’'d

= See the step response
= Design-2 Edit Compensator...2 Analysis Plots

7] Control and Eztimation Tools Manager
Fil Edt Help

= || e o

l"i""- Workspace Architscture | Compensator Edtor | Sraphical Tuninil Ansly=sis Pioks | Sacamated Tuning |
=) #7) 5150 Demign Task n i v

'_""IEI Dresign Hiskory dnahrss Plots
£S5l [‘__i] Design | el Flat 2 Flat 3 Plat 4+ Plak 5 Flat &
o [ oesign gz | Fiot .@- e o] e | [ Fiore & [ More | [Fiorm e
= +;_”‘| 5150 Desion Task (2] e ] —_— —_ — b —_ —
= L-l:__.! Dre=mign Hiskory Contenks of Ploks
] gﬁiqn =) | Al R
#|iii] Bezian e e [, i T B EEponses
wlf g zl=21%|5]s Al
[} 4] Cresign (4] ! L [Slesed Loopr =y
1 [17] Crmmign (5] | [[] [Closed Loopr bau
w1 [t41] Dremian (6] || ] [ |Irput Sansitkdity
#1 [111] Desian (7 |l | ] [Sutpat Senetiviey
| HED | | [] |Mcise Sensitieity
[l ] [open Loap L
i [] |“ompensator ©
1] ] |Prefiker F
[[E] ] [Plant &
(= [] [Sensor H
{1 ] |Slosed Laop - From e toy
|
| Add Responses ... ] I_ Shiawe Analvsg.ﬁ;t_—]

l Shiow archikeckurs ]l Stare Desion J[ Hels ]

5150 Design Task MNode.

Umm Al-Qura University
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SISO Design Tool (cont'd)

= Modify the pole/zero for “good” step response

2 5150 Design for 5150 Design Task [#)
Fle Edit Wew LDwesions Analysis Todls  Window  Helbp

MR

Fiocl | ocuz Editnr for Open Loop 4 0001
- ! \I
4 | \L
i \
S0 VP
@
E 7
i o
kg
Al f‘
5 i I/ 1
& -3 2 1
P=El AxE
Editad Gan

Fie Edt “Windaw Help

i E - a .y . ..
DL Ve g S150°D sl i

DaE & 5|8
=lep Respanze
1.4
1 """"""/ """""""""" }:"'-r. '''' '_::'_r—*----'—"'"""""""‘—
-
g /
£ ¢
LA
1L
(1
1] 05 1 (o 2 ]
T (2]
LTI e

[] Fai-Time Updste

frr
U

Umm Al-Qura University
College of Engineering & Islamic Architecture

%&/.¢) Mechanical Engineering Department

49


http://uqu.edu.sa/

SISO Design Tool (cont’'d)

= Add a pole & a zero of Cprg,(s) =

s+ 0.25
s+ 0.025

= |f necessary, adjust controller parameters

5150 Design for 5150 Design Task (2]

Fle Edt  View Desars P.nal-.»sls Tl:u:-h Wlndl:-n' Helo

[ x o = &5 afao|we

Foct Locos Edbor for Spen Loop 4 (G0

Real Axk:

& ] 2 4 =
i Edt Wru:hw H=|p

0| &

] &

L2

Aamphude
(2] o

a
o

LTI Wimwear

Sien Rezponzs
k)

4 B g T 13

[#] Feal-Time Lipdst=
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= Controller design basS(}%mmﬁgg

= Lead compensator design to improve stability and
transient response.
= Lag compensator design to improve steady-state error.
= Lead-lag compensator design to improve stability,
transient and SS responses.
= PID Control
= Most popular controller in industry
= Simple controller structure
= Simple controller tuning
= Model-free methods for design are available
= Design based on root locus in Matlab

= lecture 5 Assignment — due next Monda

# Umm Al-Qura University
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/) Mechanical Engineering Department St R

G381 ol dola

51



http://uqu.edu.sa/

Ziegler-Nichols PID tuning rules

= Step response method (for only stable systems)

Open-loop step response ===) PID parameters

y(t)

Steepest tangent

1
C(s) = K, (1 + s + TDS)

Type Kp 17 1p
P 1/a

- . Pl  0.9/a 37
PID 1.2/a 2r 0.57
—(
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Ziegler-Nichols PID tuning rules

= Ultimate sensitivity method

Closed-loop step response
. with a gain controller

1
y(t) Increase gain and find Ke  C'(s) = K (1 + — 4+ Tps)
generating oscillation 1ys
(marginally stable case).

Type K, 17 Ip
P 0.5K,

Pl 04K, 0.8
PID 0.6K. 0.51; 0.1257;

===)p PID parameters

P
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Example revisited c@:ﬁ

= Step response method = Ultimate sensitivity

16 L

14 14

12}---f 12h-—f1

A -

asf--Hf agf-{f

06r-14; : 06F-1H :

04 - 04t
o ff--t bt B 0zt
J} i 0 | | PID:

® 2 4 6 8 0 © ¥ ® ® @
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Open-loop step response for
“step response method”

0.28
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Closed-loop step responses for
“‘Ultimate sensitivity method”

1

1

0 5 Te=3.7 10
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Assignment

1. For the system with the open loop function:
1
G(s) =
() s(s+1)(s+3)
Determine if the following points are on the root locus.
(Use the Angle condition)
Angle Condition:

o (s+2)
FL(S) = Grpn oy

+p)=0—-6,—06,
For a point to be on root locus = @ — 8, — 6, = 180 deg

o (s+2) - B B
=2 /L(s) =2« GG = £(s+72)—2(s+py) — 2(s

(a) s =—-0.5
(b) s =+/3j
(c) s=—-1+]
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End of Lecture 7
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