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Lecture Outline

* Frequency Response
= Bode Diagram
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Course roadmap

Modeling

I
¥’ Laplace transform

¥ Transfer function
v’ Models for systems
¥ electrical
¥ mechanical
v electromechanical

¥ Linearization, delay

Analysis

|
\{’Time response
¥ Transient

v Steady state

ErFrequency response
» Bode plot

V' Stability
¥ Routh-Hurwitz
* Nyquist

0

Design

Design specs

¥ Root locus
Frequency domain
¥ PID & Lead-lag

Design examples
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Summary up to now & from now on

* Modeling: How to represent systems with transfer
functions (s-domain).

= Analysis: How to extract time-response

iInformation from s-function.
= Steady-state error depends on TF evaluated at s=0.

= Stability and transient depends on pole locations.
= Frequency responses contain all these information.

= Design: How to obtain nice closed-loop system.
= Poles can be placed by the root-locus technique.
« System’s freq. responses can be shaped in Bode plot.
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What is frequency response?

y(t) ~ ~ ’yss(t)
| " /A
Stable linear [ WY A W

\ \
r(t) = Asinwt system ! /

Y

= \We would like to analyze a system property by
applying a test sinusoidal input r(t) and
observing a response y(t).

= Steady state response yss(t) (after transient dies

out) of a system to sinusoidal inputs is called
frequency response.
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A simple example

RC circuit

Input a sinusoidal voltage r(t)
What is the output voltage y(t)?
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-

= TF (R=C=1)
1

s+ 1
= r(t)=sin(t)

G(s) =

\

0.2+

04|

0.6 -

0.8+

1

An example (cont'd)

D.B’[
0.6 .

[
0.4

0.2¢

0

-1

0 5

At steady-state, r(t) and y(t) has same frequency,
but different amplitude and phase!

| [ 1 | | | |
10 15 20 25 30 35 40 45
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/ An example (cont'd) \

= Derivation of y(t)

Y(s) = G(s)R(s) = —— ™ —1( - ‘S+1)

s+ 1 32-|-1_\§ s+1+32+1

= |[nverse Laplace Partial fraction expansion

1
y(t) = = (7' — cost +sint)
20 N\
Q0 as t goes to infinity.

1 o1 )
) Uss(t) = 5(—cost +sint) = ﬁsm(t — 45°)

Wrivation for general G(s) is given at the end of lecture slidy
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Response to sinusoidal input

= How Is the steady state output of a stable linear

system when the input is sinusoidal?
y(t) _ Yss (1)

Ay AT
r(t) = Asinwt

= Steady state output yss(t) = A|G(jw)|sin(wt + /G(jw))

= Frequency is same as the input frequency W

» Amplitude is that of input (A) multiplied by |G (jw)]
* Phase shifts /G (jw) Gain

Umm Al-Qura University
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/ Revisit to the example \

= How Is the steady state output of a stable linear
system when the input is sinusoidal?
y(t)

r(t) =sint e
|

1
yss(t) — sin(t —450)
‘-@ /G(j-1)
G(j-1)]

\ Gain Phase /

o

Wl
S,
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/ Another example \

= How Is the steady state output of a stable linear
system when the input is sinusoidal?

YO SN
4'_\—’—‘—.'
N T
r(t) = 7 cos 3t S (VY

w=23
yss(t) =7 > cos(t 0 )
ss\tJ— 1 o ——
»-E [ G(5-3)
|G (5-3)]

\ Gain Phase /
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Frequency response function

= For a stable system G(s), G(jo) (o Is positive) is
called frequency response function (FRF).

= For each o, FRF takes a complex number G(jo),
which has a gain and a phase.

/~ = First order example Im )
1 N 1 I 14 jw
= G —
Gls) = — = GU») =7 “7
- 1 :
GUw)| = —— | L R
< s oo
\ [G(jw) = L(1) - L(jw+ 1) =-tan" " w /

t Umm Al-Qura University
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First order example revisited

= FRF G(jw)=jw:_1 frequency | amplitude | phase
w Gw)| | /G(w)
0 1 0°
0.5 0.894 —26.6°
1.0 0.707 —45°
00 0 —90°

= Two graphs representing FRF
* Bode diagram (Bode plot)
= Nyquist diagram (Nyquist plot)

"3¢7 Umm Al-Qura University
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/ Another example of FRF \

= Second order system

y
G —
(8) =2 +3s5+2
T - — 2 — 2

= U= G b3 42T 2w 45

)

2
G(jw)| = T

V(2 = w?2)2 4 902
/[GGw) = /(2)= /(2 -w?+7j-3w)

_ 1 3w E -
\ \ = —tan 2_w2 2 —w? Re

ST .
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Course roadmap

Modeling Analysis Design
I |
v Laplace transform ';{'Time response :
¥ Transient Design specs
¥ Transfer function Steady state o oot loeus
v Models for systems Frequency response |:> :
,lV electrical Bode plot dae s b b
¥’ mechanical ¥ PID & Lead-lag

v electromechanical V?Stability
¥ Routh-Hurwitz

?ILinearization, delay « Nyquist

Design examples
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Bode diagram (Bode plot) of G(jo)

= Bode diagram consists of gain plot & phase plot
2010g10|G(jw)| (dB)

10
0 >
.1 1 10 100 W

ZG(jw) l(deg) / Log-scale
lor~1 10 100 w

—90 \\\xh_
—180
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ode plot of a 1st order system

Corner frequency
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/Exercises of sketching Bode plch

= First order system

! G(s) = — Gls) =

Gl =17 0.1s + 1 T 105+ 1

\_ /
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Remarks on Bode diagram

= Bode diagram shows amplitude and phase shift
of a system output for sinusoidal inputs with
various frequencies.

= Bode diagram is very useful and important in
analysis and design of control systems.

= The shape of Bode plot contains information of
stability, time responses, and much more!

= |t can also be used for system identification.
(Given FRF experimental data, obtain a transfer
function that matches the data.)

%" Umm Al-Qura University
Jg¥i College of Engineering & Islamic Architecture
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System identification

= Sweep frequencies of sinusoidal signals and
obtain FRF data (i.e., gain and phase).

= Select G(s) so that G(jo) fits the FRF data.
Agilent Technologies: FFT Dynamic Signal Analyzer

Generate sin signals Collect FRF data

Sweep frequencies Select G(s)

A

v v Unknown U U
system

L )
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Course roadmap

Modeling Analysis Design
I |
¥ Laplace transform fTime response - T S—
v’ Transient an sp

¥ Transfer function r' Steady state ¥ Root lssiis
v’ Models for systems V"Frequency response |:>

v electrical ¥ Bode plot

v’ mechanical | .

v electromechanical *?Stabi[ity W Pl Lear-iag
¥’ Routh-Hurwitz
¥ Linearization « Nyquist

Frequency domain

Design examples
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Frequency response (review)

= Steady state output yss(t) = A|G(jw)|sin(wt + /G(jw))
* Frequency is same as the input frequency w
= Amplitude is that of input (A) multiplied by |G (jw)|

= Phase shifts /G (jw) Gain
[ \ Yss(t)
Stable 'y Iy
P o & .
G(S Vo)

?"(t) = A sin wt

= Frequency response function (FRF): G(jo)
= Bode plot: Graphical representation of G(jo)

"3¢7 Umm Al-Qura University
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Wnk&“ Mechanical Engineering Department
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Bode plot of G(jm) (review)

= Bode plot consists of gain plot & phase plot
2010910 |G(jw)| (dB)

10
0 >
.1 1 10 100 W

ZG(jw) ‘(deg) / Log-scale
lor~1L 10 100 w

—-90 \\\\h_
—180
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Sketching Bode plot

= Basic functions

201091 G[jui) (dB]

. 10
» Constant gain 01\\ .
: - : 01 1 10 1un\w

= Differentiator and integrator -0

= Double integrator /(i) (deg)
= First order system and its inverse ¢ -

= Second order system _—198%

= Time delay

=  Product of basic functions
1. Sketch Bode plot of each factor, and
2. Add the Bode plots graphically.

t Umm Al-Qura University
College of Engineering & Islamic Architecture
‘wng&“ Mechanical Engineering Department
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/ Bode plot of a constant gain \

« TF G(s) =K = |G(jw)| =K, [G(jw) =0°, Yw
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= Basic functions

L 4

Sketching Bode plot

20l0g59 G(jw)| (dB)

10
Constant gain T\\ R
- 10 {}D W

Differentiator and integrator |y
Double integrator cieg
First order system and its inverse =
1 w
Second order system —90
’ _180 \

Time delay

= Product of basic functions

1.
2.

Sketch Bode plot of each factor, and
Add the Bode plots graphically.
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/ Bode plot of a differentiator \

* TF G(s) =5 = |G(jw)| =w, LG(jw) =90°, Yu
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/ Bode plot of an integrator \

* TF a(s) == : G (jw)| = ; LG(jw) = ~90°, Vuw

40

Pl oo il i i iiiiii|
RN Poob
Lo

“ TSI | -200B /decadel
ﬂ ki R
Mirror image of .. il L TS
the Bode plot of L iiiiiii ©iiiiii il TG

. 10 10 10 10 10
G(s)=s with ;

respect to m-axis. B R R T N R A R i
B e N R e el e e e B i e s ety

1 1 L1 1.1 111 1 L1 | | |11 1 1
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ﬂBode plot of a double integratom

1

" TR Gl =5 = 60w = =, /G(jw) = -180°, Y

100 TR R i iiiiii.‘l
Iml =t B/decade
R |,y T

-179

1 | I R T B R | 1 [ N B A 1 L R I B B | 1 [ I B A
1 I R T BN R | 1 [ B R 1 [ R I B B | 1 [ B
1 | I N I B R | 1 [ B R 1 [ R I B I | 1 [ I N B
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Sketching Bode plot

20 fﬂgm G[ uJ) (dBJ

= Basic functions

" 10
v Constant gain gl\\ .

- 01 1 10 MO0 W
v’ Differentiator and integrator ~10 \
¥ Double integrator /G(j) (deg)

= First order system and its inverse ¢ >

S d order system sof TR

e econ

= Time delay

=  Product of basic functions
1. Sketch Bode plot of each factor, and
2. Add the Bode plots graphically.

"3¢7 Umm Al-Qura University
S¥i College of Engineering & Islamic Architecture

..' 30
Wnk&“ Mechanical Engineering Department



http://uqu.edu.sa/

Bode plot of a 1st order system

_ Corner frequency
» TF | ,ﬁ -
G(s) = ! <t b Lt —QQGB/decade
Ts+1 BG(8) = b e
a8 T L SN
| P S 1 M AT
i Hi R
- 1 03 o - " 3
Ty ) — — = 10 10 16 10 10
G(jw) Jwl +1 :
{ 1 iif 1 >>wT D IIE I I III':':II I f I::III
~ 1 y 7 N S S . O] AR L S
—m if 1 L WT BRI i
Jwi 48 —45deg,fdecadeﬂ+
saxsxs Straight line T ;;::::,.,,j.i.*.iii:!.__!,_! o
approximation 100"~ - L1l | | Iy n Ly
1(] 10 i} 10
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/ Bode plot of an inverse system\

1

:

1
Ts+ 1

(

—_—

G(s)=Ts++1

- TF

Mirror image of

10°

10"

10°

the original Bode
plot with respect
to w-axis.
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Sketching Bode plot

= Basic functions DlogyoG{ju)] (0B)

. 10
v Constant gain 01\ R
/ : 01 1 10 MQO W
v Differentiator and integrator ~10 \
v Double integrator /G(jw) (deg)
v First order system and its inverse ¢ ~
= Second order system -90| N

= Time delay e

* Product of basic functions

1. Sketch Bode plot of each factor, and
2. Add the Bode plots graphically.

Umm Al-Qura University
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ﬂBode plot of a 2nd order systenﬁ

resonance
w.% 5 C 0.1 /
G(8)=52+2Cw s+l o s\, * i
ns T Wy — 555::;;; gl -40dB/decade

S JC = | -i--h-if-,
Resonant freq.  or— - T
> 80l ! !!!!!!!iU ! !!!!!!!1
‘:.Un 1 . 2C ~ wﬁ, 10 10 10
Peak gain
1

# Umm Al-Qura University
College of Engineering & Islamic Architecture

[y . . . 34
/) Mechanical Engineering Department



http://uqu.edu.sa/

Bode plot of a time delay
G(s) = e 1% = |G(jw)| = 1,Yw, /G(jw) = —wT(rad)

1

1 1 1 1 LI I I B | 1 1 1 LI I I I I | 1 1 1 1 LI I I | 1 1 1 LI I B B |
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1 2
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Huge phase lag!
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| | [ N R | 1 | I 1P rrrni | | [ ] 1 111
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The phase lag causes instability of the closed-loop
system, and thus, the difficulty in control.

"3¢7 Umm Al-Qura University
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Sketching Bode plot

= Basic functions Dlogio 00| (¢8)

v
v Differentiator and integrator 10

¥ Double integrator deg

v First order system and its inverse T
v Second order system )

. ¥ ~180 \
v Time delay

» Product of basic functions

1. Sketch Bode plot of each factor, and

2. Add the Bode plots graphically.
Main advantage of Bode plot!

. 10
Constant gain ]\\ R
- - - 10 mﬂ W

"3¢7 Umm Al-Qura University
4 College of Engineering & Islamic Architecture
‘m\é’? Mechanical Engineering Department
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An advantage of Bode plot

= Bode plot of a series connection G1(s)G2(s) Is
the addition of each Bode plot of G1 and Ga.

= Gain

2010910 |G1(jw) Ga(juw)| = 2010919|G1 (juw) +2010019 |G (jw)]
= Phase

LGy (jw)Gy(jw) = LG (ju) + LGy jw)

= \We use this property to design C(s) so that
G(s)C(s) has a “desired” shape of Bode plot.

t Umm Al-Qura University
College of Engineering & Islamic Architecture
w@? Mechanical Engineering Department
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Short proofs

= Use polar representation

61(jo) =1G1(j) 1) G(ju) = Ga(ju) el 2

Then, Gy (jiu)Galjie) = [6y(ju)Galjis)le C10)e 2l
= |61l T+ 6o}

Therefore,
20l0g39 |G1(w)Golw)] = 201010 |Gy i) Gaje)| = 200011 o) +20 10910 Gljs)
Gy (ju)Goljw) = LGy (jw) + LGyjw)

"3¢7 Umm Al-Qura University
A8 College of Engineering & Islamic Architecture
‘m\é’? Mechanical Engineering Department
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/ Example 1 \

=  Sketch the Bode plot of a transfer function

G(s) = E
S

1. Decompose G(s) into a product form:

G(s) =10+
S

2. Sketch a Bode plot for each component on the
same graph.

\3. Add them all on both gain and phase plots. /

# Umm Al-Qura University
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/ Example 1 (cont'd) \

"3 7 Umm Al-Qura University
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Example 2

"3 7 Umm Al-Qura University
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Example 3

dB

1
2s+ 1

G(s) =

Y
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Example 4 \
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/ Example 5 \

G=2 | =,
X

X
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Remark

= Use Matlab “bode.m” to obtain precise shape.

= ALWAYS check the correctness of
= Low frequency gain (DC gain) G(0)
= High frequency gain G(o0)

= Example 10(s+ 1)

Gls) = s+ 5

— ((x)=10~200B

G(0)=2~6dB —

H '::?_ TN e
ST
By oo
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Summary

Frequency Responce
= Steady state response to a sinusoidal input
= For a linear system, sinusoidal input generates sinusoidal
output with same frequency but different amplitude and
phase.
= Bode plot is a graphical representation of frequency
response function. (“bode.m”)
Sketches of Bode Plot
= Basic functions
= Products of basic functions
Sketching Bode Plot is ...
= To get a rough idea of the characteristics of a system.
= To interpret the result obtained from computer.

Next
= Nyquist stability criterion

# Umm Al-Qura University
Jg¥i College of Engineering & Islamic Architecture o )
/) Mechanical Engineering Department L L
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Derivation of frequency response

Aw k1

~
52—|—w2—5—|—jw+s—jw

-

Term having denominator of G(s)

Y(s) = G(s)R(s) = CG(s)

i AG(—jw)
ki1 = |IIT1 G = G(— =
. ) Aw e _AG(jw)
| k? — Sir?u(‘g_jm)g(g)sz + wz — G(.?L"’)ij == 23

_ _ 0 as t goes to infinity.
— (1) = k1e I + kpelt + L2455}
od (wt+/G(jw)) _ p—j(wt+/G(jw))

2j

o — "
B o

sin(wt + /G(jw))

) yss(t) = A|G(jw)|
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Assignment

1 - Draw Bode plots of the following transfer functions:

1-G(s) = 10
2-G(s) =s3
3-G(s) = siio
4-G(s) =§+ 1
5-G(s) = 52+:s+4
6-G(s) = S(SZ+01)2
7-G(s) =27

Umm Al-Qura University
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Assignment

2 - Find a transfer function having the gain plot below

M
p10] 1) ) . pm
——— I .-__.- I Il\.-\_ :
| - | | "'-\. i
i - 1 1
420 - TN |
| | ﬂl:l
| - . I : xﬁ"' :
i 3 i i "'-\._\lL I
- - - - —
o " | | |
1 10 100 N
N, ]
.\.'H. 1
.\l"'\. 1
%, 1
1
|
A
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End of Lecture 8
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