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Lecture 6

The Discrete Fourier Transform
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The spectrum of a sampled function is given by

X, (Q)=X(e"") = ix[n]e_j”QT

x© .
Z x[nle 7"
Nn=—-=00

where -tn<ow<mtor 0<w<2mn.

Since it impossible to carry-out the summation from n=-
o to oo, let us consider a truncated version of x[n]:

‘x[n] (0<n<N-1),

x[n] =+
0 (elsewhere).

The corresponding Fourier transform is
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X (e’?) = i%[rz]e‘j“’”

N—-1 .
= z x[nle ’“".
n=0

Now let us choose N frequency points from
= (0 to 2mx:

k

w=2r— k=0,1,..., N—1.
N

When plugged into el®, these values correspond to
points along the unit circle.
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As an example, if N = 4, we have

Im
=%
k
(():272'2 k:O,1,2,3.
3 W=7 =0
—N 3n R
(0—0,2,71-,2. a)=272'e
=%
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. kK
When we insert (@ =27 — . into
N
~ . N_l .
Re=Shpner e
= N-1 -
jo —j2n iy
X|k]= X(e ) ptnk nzz(;x[n]e

This function of k is the definition of the
discrete Fourier transform.

X[k]=DFT{x[n]}= Nz xnle ¥
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Example: Find the discrete Fourier transform of x[n]=1,
for N=4.

Solution: as before, we have only four time samples
and four frequency samples. The values of the time
samplesare 1111 (forn=0, 1, 2, 3). Inserting
these values into the DFT definition, we have

3

X[k]=DFT{l}=Y (1) ™"
n=0

— (l)e_jZE% + (1)€_j2ﬂ% + (1)6_]27[ v + (1)6—]271 ¥
—j2r% —j2m2k —jom3k

t+e Y +te +

=1+e
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This result /s dependent upon k.
0 —j2r? 0) —j27rg92

X0 =1+’ +e
=1+1+1+1=4.

To perform the rest of the calculations, it is good to
have our circle of value of ei2mk/4

Im
e—jZﬂ”Tk
nk=2,6 1
1 Re
nk=0
nk=4,8
nk=159| J
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—i2 _ o2 _in .30
X(D)=1+e 27 47270 477

=1-j+(=D+j=0.

” 022 iy 3(2)
X12)= l4+e /8 p o /70 4o /¥

=1+(-1)+1+(-1)=0.
X(3)=lte 4o 4o
=1+j+(-D)—-;=0.
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The previous example suggests that the discrete Fourier
transform can be calculated using a matrix equation:

X(0)=1+e /7 4 /7% L2,
X()=1+4e /7% 4?25 L o2
X(2)=1+e /> + o2 4 o
X(3)=1+e 7 pe /70 4o
X[o1l 1 1 1 1 ]x0]]
X[l 11 =7 =1 | A
1| x[2]]
—J | 3]
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For the previous examples we have X[n]=1

X[yl [t 1 1 1|1
Xyl o1 -; -1 G |1
X211 |1t -1 1 =11
X[31 |1 -1 —j|1

Fourier transform of a constant is an impulse
in frequency domain (just a D.C.
component).
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Suppose that we found the DFT of x[n] = {1 -11 -1}.

- X[0]] |1 1 1 1 1 0

xayl |1 =7 =1 o |l-1] |o

xr21] |1 =1 1 =1 1| |af

x31] (1 -1 —j|-1| |o

We get the Fourier transform of a sinewave at half the sampling
frequency: k=2 (for N = 4) corresponds to o=mr, or Q=Q./2.

In general we have

kK Q)

N Q
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Example: Suppose we sample a 2 kHz sinewave at 8000
samples/second. If we perform a 1024-point DFT, where
are the spikes in the transform?

Solution: k — g —_—> k — 256

1024 &

There will also be a spike at k=1024-256=768.

Example: Suppose we sample a sinewave at 16000
samples/second. After performing a 2048-point DFT, we
have frequency spikes at k=128 and k = 1920. Find the

frequency of the sinewave.

Solution: 128 — f — f —1000Hz.
2048 16000
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Inverse of DFT

x[n]=IDFT{X[K]}= (1/N)NZ X[K1e™" V.
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Using MATLAB to Calculate DFT

1- W=a;
2 - x=[1,2,3,4]
- 3 - for kKl=1:I
©Example: |

5 - k=k1-1:

® Assume N=4 5 - for nil=1:N;
T - n=ni-1i:

® x[n]=[1,2,3,4] g - (k1) =X (k1) +x (nl) *exp(-J*2*pi*k*n/N) ;
Q - end

® n=0,..,3 .

® Find X[k]; k=0,...,3 11 - x
12 - X

¥ o=
10.04a00a —-2.0000 + 2.00001 -2 .0000 - O.00001i -2 .0000 - 2.00001

N —1 ) Sk
X[kl1=>O x[nle 7?"".
n=0
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DFT Properties

Linearity ax[n|+py|n|e=—aX|k|+pY[k]

Time Shifting x[n—no:%X o

Frequency Shifting x[n]e” " s Xk~ |

Time Reversal x|-n]=x|N -n|e=—>X[-k]=X[N -]

Conjugation X ||« X [-k|=X"[N -]

X |[-n]= X [N=n] %X ]
Time Scaling 1il- X[n/m] . nim a1.1 integer
0 . otherwise

N-omN . ZM:(l/m)Xm
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DFT Properties

Change of Period N — ¢gN. g apositive integer

b [ ] X[l‘/‘l] k/ q an integer
, otherwise

Multiplication - Convolution Duality x[n]y [n] <2 (L/N)Y[k]@X] k]
: x[n]e& y[n]«—=— Y[A.]X[k]

where x[n]@®y [n]= > x[m]y[n-m]

m={N}

Parseval's Theorem Z I\[n]r = L Z |X[]‘f]|2
n=(N) N k=(N)
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Example of DFT

: 1, n=>0
zl] = D, n=1,...

®Find X[k’

=T

® We know k=1,.., 7; N=8

7 7
X[k =2, x[n]Wak = Y 8[njwake _ ]
n=10 n=10
X[k]
i~
] L ] [ ]

T
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Example of DFT
Given y[n| =d[n— 2] and N = 8, find Y'[£].

gk B

7
Yik|= D, 82wy - Wy -e =es

n=1{}
because N=8

- (@

1;f["-[]'[-|=|-|:'_]-:'I:_]LG I:'j:'l:.j-l

k
Polar plot for Wy ’

x[n-no] & > Wik X[k]

Time shift Property of DFT

r[n — ng] — Ir’[r"hﬁ””}f k]

mod N
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Example of DFT

Given z[n| = d[n]+20[n — 1] +36n— 2|+ d[n — 3] and N = 4, find X[k].

Summation for X[k]

3
XIKJ= Y W = 1420+ 30+ W

-.J'I'[_
Wi=¢e

EL O
X[k]= 1+2¢2 +3¢" + ¢
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Example of IDFT
Find the IDFT of X[k] =1,k=0,1,...,7.

x[n| =%i Wykn = %Nﬁ[ﬂ] =o[n]
n=1{

X[n]
W
/ -2 - - -1 - S S
i) | a2 3 4 3 (1 T
Remember:
N—1

i
N

S OXEWL n=0,1,...,N =1
k=0
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