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Course Description

« W12: Distributed forces: centroids and centers of gravity
* W13: Mid-term Exam N°2

* W14: Analysis of structures

« W15: Internal forces and moments

* W16: Final Exam —
WY
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Center of Gravity and Centroid

a)  Understand the concepts of center of gravity, center of
mass, and centroid.

b) Be able to_determine the location of these points (CG &
Centroid) for a system of particles or a body.
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Center of Gravity (CoG) of a body

A body of mass m in equilibrium under
the action of tension in the cord, and .
A B 15 B

resultant W of the gravitational forces | A g
acting on all particles of the body. @ Gy C A e
- The resultant is collinear with the cord l

W

Suspend the body from different points

on the body

- Dotted lines show lines of action of the resultant force in each case.
- These lines Df action WI|| be concurrent at a smgle pomt G

As long as dimensions of the » body are smaller comp Dare vith those of the earth.
! = % . T T N I N ey e 1~ . S T T o e e e,
- We assume unitorm and parallel force 1ield nil-:r-- o the ..‘.iic-:'-_-'l-.s';:,!-’ 1 :-:| ittraction ol
.y H
tne eartn.

The unique Point G is called the Center of Gravity of the body (CG)
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Concept of composite body

% Many industrial objects can be considered as composite bodies made up of a series of
connected “simpler” shaped parts or holes, like a rectangle, triangle, and semicircle.

A
/ 3in.
f ~15s1 1n. |
|’ // y 2 \«
| | - ) VSSRGS - X

d o 6 1n ee— 3 INn.—
1

* Knowing the location of the center of gravity, G, of the simpler shaped parts, we can easily
determine the location of the CoG for the more complex composite body.

\—‘ (
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Center of Gravity (CoG) of composite body

« The center of gravity (G) is a point which locates the resultant weight of a
system of particles or body.

 If object rotates when thrown, the CoG is the center of rotation.

0

The position of the center of the gravity?

Considering the system of the 3 shapes with weight W1 W2 W3

The system is in equilibrium,

Equivalent weight: W=W1+W2+W3

Moment about O: W.xw=W1.x1+ W2.x2+ W3.x3
y:x I. W.:‘ ' o W

YW, W\
A\
Sl nanty
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in a stmilar way for 3D problems

x yxz W:’ y _ 7:.]); W:’ = — ZZE W.::’
il W W
ZW: ZWI ZWl

Similarly, the is a point which locates the resultant mass of a system of
particles or body. Generally, its location is the same as that of G.

Iy J m,

CM

— fo m, . Zyz m, A ZZE mg’
xm — ym T mo i
Z mz’ Z m i Z mg' m, ) .

CN
my l n,
CM
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Example

Where is the center of mass on this hammer? The balancing center of mass bird

Photo by: Wlickaol P. O "Hectt
Holfcng kand : Ragyla Ladsces

W
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Conclusion

Composite Bodies

Centers of Gravity

in W.i:' Y, = Zyg W; ZW — ZZI Wz'
27 2 2V,

Centers of Mass (for constant gravity acceleration)

_in ", B Zy;' m, ZZI m,
xm— ij ym_ Zm: m ij

xW=
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Centroid

Centroid Center of Gravity

It is defined as a point about ® It is defined as a point about

which the entire line, area or  which the entire weight of the

volume is assumed to be body is assumed to be

concentrated. concentrated.
It is related to distribution of * Center of mass.
length, area and volume. * It is related to distribution of

Imass.

1/21/2021
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What is the difference between Center of Area and Center of Mass?

To understand the difference between Center of

Area and Center of Mass: Center of Area

« If we have two object having the same shape,
weight and mass, these objects, then have the

same center of area and center of mass.

» By sticking another object have a weight on this

surface as shown in the figure.

« Then the center of mass will be changed, but the Center of Mass Weight

center of area will still the same.

i\

Ll
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Centroid of Common of Areas

Regular circle For triangle note the
Regular rectangle centroid

|

o U / T

\‘d—b

|
¥ v

v

b/2

b Radius =r

- EEE— >

Diameter =D = 2r
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Centroid of Common of Areas

Shape x v Area
: h bh
Triangular area T %
Quarter-circular 4r a0 zr?
area 3r 3r 4
Semicircular area 0 Ar zr?
ar 2
Quarter-elliptical 4a 4b nab
area 3n 3r 4
Semielliptical 0 4b 7ab
area 3r 2
Semiparabolic 3a 3h 2ah
area 8 5 3
Parabolic area 0 %'.‘. 4_gh

1/21/2021
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Centroid of Common of Areas

Shape x y Length
Quarter-circular 2r 2r r
arc 7 7 5
. or
Semicircular arc 0 = -
x
r //V\
\’4’ o C rsin
Arc of circle e - rsmo 0 D
O -~ 2 o o
= x <

\“ (
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Centroid of composite bodies (C)

15l in.

-

6 1n. —=te— 3 1N.
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Problem

Locate the centroid of the plane area shown.

Y ‘
20mm 30 mm
——>

1/21/2021 Dr. Mohamed KCHAOU
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Y

» 1
r|‘

—>

36 mm

24 mm

— T —ple———

1. Decide how to construct the given area from common shapes.

2. It is strongly recommended that you construct a table
containing areas or length and the respective coordinates of
the centroids.

3. When possible, use symmetry to help locate the centroid. \\\\[

Budiy aals
UNIVERSITY Of BISHA
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1.Decide how to construct the given area from common shapes.

Y
Y ‘ZOmm 30 mm

=

o
—p —Pl—— ——»
=
=
]
+

Dimensions in mm

i\

1/21/2021 Dr. Mohamed KCHAOU 18 vl el




1.Decide how to construct the given area from common shapes.

y ‘ Y y
——> < >

— —><—L<5\J >
=
=
1
a
+
__;?

=
=

Dimensions in mm
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d 20+ 10
|
|
|
o
i =
30 24 + 12
—>10<|_ x

2. Construct a table containing areas and
respective coordinates of the centroids.

A, mm? x,mm | ymm | x4, mm> |yA4, mm’

M| [

i1=0 =0
o y ="2
:E:‘ql :E:*Ai
=0 i=0
Dimensions in mm \“\(
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3. Coordinates of the centroids of each body
20+ 10 and the addition

A, mm? x,mm | ymm | x4, mm’ |yA4, mm’
20 x 60 =1200 10 30 12000 | 36000

(1/2) x 30 x 36 =540 | 30 36 16 200 19 440
1740 28 200 55 440

9
-}
N
~
_|_
o
M [ (=

107 x
Triangle Square
Y h Area =12 x b x h
20mm 30 mm s a Area = a2
- = =l Z :
T’ h = vertical height a = length of side
Rectangle Parallelogram
Dth Area = w x h Dth Area = b x h
36 mm e w = width = ~ b = base
w h = height b h = vertical height
a Trapezoid (US) Circle.
ﬂth Trapezium (UK) @ Area = T X r2
Area = Y2(a+b) x h Circumference = 2 X T*r
2T mm b h = vertical height r = radius

Sector

X e E % Ellipse o Area =12 x 12 x 8
Area = mab / r = radius
i I 1 8 = angle in radians —
Dimensions in mm ‘ \\\\(
Buliy Baols
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y 4. )_(,3_('

& - A, mm? x,mm | ymm | x4, mm’> |yA4, mm>
= R| 20 x 60 =1200 10 30 12000 | 36000
io 24 + 12 T](1/2) x 30 x 36 =540 30 36 16 200 19 440

)Y 1740 28 200 55 440
10 * -
Dimensions in mm X _ Z-YA )_( — (282W0)=16.21 mm
> A
YA _
S 4 Y = (55440/1740)=31.9 mm |

\“ Y
\\“
By Baals
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Problem 2

Fak Y axis 10mm
£ A |
160mm
160mm
&
Y2=12pmm
120 mm
Y1=80mm
v v | | I : |
B : 00 | | Xaxis 0,0 | X axis
80mm X1=50mm X2=80mm
- B 2 >
100mm
100mm ; : :
Al= 100X160=16000 mm? MERP=R0 =318 mm

regular component of rectangle regular component of circle

Non regular component

i\
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Area ' X cordinate Y cordinate
Al=100X160=16000 mm? | X1=50mm Y1=80mm

- - o - | - - o -
A2=mnri=nl0? = mm? | X2=80mm Y2=120mm
o . AIX1 - A2X2 16000X50 - X80 800000 -
‘ X= = = = 49.3mm
- 16000 - 15686
Y Al- A2
A1Y1 - A2Y2 16000X80 - X120 1280000 -
?: = = =79.2mm
16000 - 15686
Al- A2
= = 79.2mm
Y

W
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Problem 3

Find the centroid location (x , y) for the part with shaded area:

y Y y y g
4r
120 mm 3_1 =2546mm | . _ 60 mm
rl = 60 mm 60 mm n
ro =40 mm + \J T —
80 mm 80 mm 105.46 mm
4 | l
60mm;i ; % 8 * =
1— _90:min 60 mm 60 mm
Component A, mm? X, mm y, mm XA, mm?® yA, mm3
Rectangle (120)(80) = 9.6 x 10° 60 40 +576 X 103 +384 x 103
Triangle 1(120)(60) = 3.6 x 10 40 —-20 +144 x 10° —-72 x 10°
Semicircle 1m(60)% = 5.655 X 103 60 105.46 +339.3 x 103 +596.4 x 103
Circle —m(40)® = —5.027 X 10° 60 80 -301.6 x 10° —402.2 X 10°
SA = 13.828 x 10° SXA = +757.7 X 103 2yA = +506.2 X 103

1/21/2021
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*Compute the coordinates of the area
centroid by dividing the first moments by
the total area.

v 2xd _ +757.7x10° mm?>
>4  13.828x10°mm?

X =54.8 mm

X = 54.8mm

Y =36.6 mm
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Example 3:

Find the centroid location (x , y) for the part

with shaded area:

Solution:

1. This body can be divided into the following
rectangle (a) + triangle (b) +
quarter circular (¢) — semicircular area (d)

pieces:

2. Make up the table using parts a, b, ¢, and d.

Lecture 9

Segment

Area A
(in?)

~yY

X

(in)

A X
(in’)

Rectangle
Triangle

Q. Circle
Semi-Circle

>

The rectangulararea (A) =3 * 6 = 181in?

Xx=6/2=731n,

y=3/2 = 15in

3. Start to fill the table using the data given for each parts a, b, c, and d, let take for

example part ( a ) the rectangular:

27



Continue of Example 3: Lecture 9

Ax =18 * 3 = 54 in?,

Ay =18 * 1.5 = 27in \
. N ]

Same step for the triangular. y =lin I
The triangular area (A) =3 * 3/2 = 4.5in? 6in 1Iin —
x=(3/3)+6 =7 in, <
y=3/3 =1in
Ax=45%7 =315 in?, A.y=45%*1=45in
Do the same step for the other shapes to obtain the following table.
Segment e () (n) Goy | (i
Rectangle 18 3 1.5 54 27
Triangle 4.5 7 1 31.5 4.5
Q. Circle 9n/4 ~ 4(3)/(3 ) 43)/ (3 ) 9 9
Semi-Circle —n/2 0 4(1)/ (3 m) 0 -2/3
2 28.0 76.5 39.83
28




Continue of Example 3:

4. Use the table data and these formulas to find the coordinates of the centroid.

Lecture 9

Zﬂi - X
_ i=0
X = n
) A
=0 |
n 'L C
ZA y il. -
11 T5s1 1In. A7
i=0 (N = ‘ 1 Y
y — n . 6 1n -te 3 1n -

(ZXA)/(ZA) =765in%28.0in2 = 2.73 in
(ZyA)/(ZA) = 39.83in/28.0in%2= 1.42 in

ol
|

<
|

29



Center of Gravity

In this section we will first show how to locate the center of
gravity for a body, and then we will show that the center of
mass and the centroid of a body can be developed using
this same method.

A body is composed of an infinite number of particles of
differential size, and so if the body is located within a
gravitational field, then each of these particles will have a
weight dW, Fig. a.

These weights will form an approximately parallel force
system, and the resultant of this system is the total weight of
the body, which passes through a single point called the
center of gravity, G, Fig b.

1/21/2021 Dr. Mohamed KCHAOU



Therefore, the location of the center of gravity G with

respect to the x, y, z axes becomes:

dm o a3

t'"“-.
=1
=

IS

=

Center of Mass of a Body.

are the coordinates of the center of eravity &, Fig. 9-15.
are the coordinates of each particle in the body, Fig. 9-1a. X

=

=t

']

/}E dm

/'j}"dm

Centroid of a Volume.

¥ — = zZ= .
/dm /dm fa"m v
£ g
y
/}“dV f”}?dV [’Zud‘/
= IV __Jv __ Jv
X — y = z=

1/21/2021
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EXAMPLE

Locate the centroid of the rod bent into the shape of a

parabolic arc as shown in Fig.

Solution

Differential Element. The differential element is shown in
Fig. It is located on the curve at the arbitrary point (x, y).

I m

Area and Moment Arms. The differential element of
length dL can be expressed in terms of the differentials

dx and dy using the Pythagorean theorem.

T T T ) ,"I dx 2
dL = V({dx)"+ (dy)"=+/l—) +1d
(dx)” + (dy) \'f(dy) y

Since x = y°. then dx/dy = 2y. Therefore. expressing dL in terms of

y and dy, we have

As shown in Fig. 9-8. the centroid of the element is located at x = x,

v =y

Integrations. Applying Eqgs. 9-5. using the formulas in Appendix A

to evaluate the integrals, we get

1/21/2021

. Im «1m
/ xdL / xV4y* + 1dy / VV4y* + 1dy
JL JO JO

%= G Im - +1m
/ o / Viay? + 1dy / Vay? + 1dy
JL B A
0.6063 ]
= = 0.410
| 479 ).410 m
Im
[1:- dL [ y\Vay? + 1dy _
— _JIU Jo ’ : 0.8484
= = =

m 1.479
[ dL j V4y? + L dy
. 4 ”

Dr. Mohamed KCHAOU
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Composite Bodies

1/21/2021

Consists of a series of connected “simpler” shaped
bodies, which may be rectangular, triangular or
semicircular

A body can be sectioned or divided into its composite
parts

Accounting for finite number of weights

XEW  __Z¥W __XIW
g fpamos ——

X " >W 2W

¥ =

Dr. Mohamed KCHAOU 33
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Composite Bodies

Procedure for Analysis
Composite Parts

* Divide the body or object into a finite number of
composite parts that have simpler shapes

 Treat the hole in composite as an additional
composite part having negative weight or size

Moment Arms

* Establish the coordinate axes and determine the
coordinates of the center of gravity or centroid of each

part

Summations

* Determine the coordinates of the center of gravity by
applying the center of gravity equations

* |f an object is symmetrical about an axis, the centroid

of the objects lies on the axis \\“
4
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Structures Analysis

\“ (
\\‘n

By Baals
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Introduction

Some of the most common structures we see around us are buildings & bridges. In addition to these,
one can also classify a lot of other objects as "structures."
The space station

Chassis of your car =

Amm plate

Your chair, table, bookshelf

Alurminium angies

Truss, bridge, etc. etc.

The objective of this chapter is to figure out the forces being
carried by these structures so that as an engineer, you can decide

whether the structure can sustain these forces or not. \“[
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Recall

= External forces: "Loads" acting on your structure.
Note: this includes "reaction" forces from the supports as well.

= Internal forces: Forces that develop within every structure that keep the different parts
of the structure together.

Coarardlesr Poin)ti
100N joonN of M8 counmn, (0DN

Lo

° L ood - /J‘ﬁ\/#’ @ * *
A Roaclion l\\ /,I TF *—-qamm@&”@
/ /~ N\ lF 4—— f@m@ﬁ)@

l777/7 \ /

A .
Ay = 100N " ‘T T~ @)

AV: 1DON

* Extesol TL;:’Y'QM

# & Dtecnok fores (o the columm AB) \i‘
Y
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Simple Trusses

4& 2> =

A truss is a structure composed of /;\ - * /'
- slender members 4 4

- joined together at their end points with pin joints. 1 '

So, all external forces (loads & reactions) must be applied

only at the joints. external forces

P4

The truss shown in Fig. (a) is an example of a typical roof- \ N /
supporting truss. In this figure, the roof load is transmitted to . Wal

the truss at the joints by means of a series of purlins. Since ‘A £ W /
this loading acts in the same plane as the truss, Fig. (b), the T Roof troes 1
analysis of the forces developed in the truss members will ®)

be two-dimensional.
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Every member of a truss is a 2 forces member.
Note:
Trusses are assumed to be of negligible weight (compared to the loads they carry)

OOW “Tenotorw

Tvpes of Trusses

I

EA’" Warren

Howe :
Typical Roof Trusses

Simple Trusses: constructed from a "base"

triangle by adding two members at a time. ' /V Q\

’é’ - Pratt - $ 55&“ Howe

simple /

"A' . * @é” K truss ‘ #

Typical Bridge Trusses \\\Y

1/21/2021 Dr. Mohamed KCHAOU 39 e

Baltimore




Note: For Simple Trusses (and in general statically determinate trusses)

m: members M YY) wnknorund
T Bl I

Note: This k@ receadory conoliliory Pev ahotical W%

This 10 _w_o't%w\t cowdfoﬁn@.So ey Af o truda

Bk 1{&'%0@5%% Aoy /Ubdaw“ﬁd e alowe  relotiey .

Example:
m=13 D
r=3 >
D
n=38 Af 7 %
Ax T
2n=2x8=16 ; M+r=13+3=16 .....> statical determinate truss 4 Dy

20
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The Method of Joints (truss analysis)

P,

In order to analyze or design a truss, it is necessary to l B
G :
determine the force in each of its members. One way to 2 @j—r
do this is to use the method of joints.
1.5m

This method is based on the fact that if the entire truss is
in equilibrium, then each of its joints is also in equilibrium. P, D

!* 2m =!,4

Therefore, if the free-body diagram of each joint is drawn,

the force equilibrium equations can then be used to obtain

the member forces acting on each joint.

1/21/2021 Dr. Mohamed KCHAOU a1
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Procedure for Analysis

The following procedure provides a means for analyzing a truss
using the method of joints.

e Draw the free-body diagram of a joint having at least one known
force and at most two unknown forces. (If this joint is at one of
the supports, then it may be necessary first to calculate the
external reactions at the support.)

e Use one of the two methods described above for establishing the
sense of an unknown force.

® Orient the x and y axes such that the forces on the free-body
diagram can be easily resolved into their x and y components and
then apply the two force equilibrium equations XF, = 0 and
2F, = 0. Solve for the two unknown member forces and verify
their correct sense.

e Using the calculated results, continue to analyze each of the other
joints. Remember that a member in compression “pushes™ on the
joint and a member in fension “pulls” on the joint. Also. be sure to
choose a joint having at most two unknowns and at least one
known force.

Dr. Mohamed KCHAOU
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Application

Determine the force in each member and state if the members are in tension (T) or compression (C). Set Pi=20 kN, P.= 10 kN.

Solution P;

Method of Joints. Start at joint C and then proceed to join D.

”T 1
Free “ok Ef“?"‘oé’“’
Pe
body- By )‘/Z{
di h 4 »—X 10 kN J
iagram 5 4 x
D
Feo
(@) (b)
Joint C. Fig.a
BEH—0 Fep =0 Ans.
+13E, = 0; Fop —20=0  Fop =20.0kN (C) Ans.
o Ans:
Joint D. Fig. b : Frg =0
+13E, = 0 FDB(‘;) Z200=0 Fpp=3333KN(T) = 333KkN (T) Ans. F.p = 20.0 kN (C)
) q Fpp = 33.3kN (T)
HIE=0; 10+ 33.33(;) — Fpa=0 Fpa = 36.7kN (C)

Fpa = 36.67kN (C) = 36.7kN (C) LS, \‘\\V
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Internal Forces and Moments
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Internal Forces Developed in Structural Members

To design a structural or mechanical member it is necessary to know the loading acting within the member
in order to be sure the material can resist this loading. Internal loadings can be determined by using the
method of sections.

To illustrate this method, consider the cantilever beam in Fig. (a). If the internal loadings acting on the cross
section at point B are to be determined, we must pass an imaginary section a—a perpendicular to the axis of
the beam through point B and then separate the beam into two segments. The internal loadings acting at B
will then be exposed and become external on the free-body diagram of each segment.

P

P;

L) “ﬁ“(
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P, NB: normal force
VB: shear force
Ms :bending moment

/l’:

- P

(b

The force N that acts perpendicular to the cross section, is termed the normal force. The force Vs that is tangent to

the cross section is called the shear force, and the couple moment Me is referred to as the bending moment. The

force components prevent the relative translation between the two segments, and the couple moment prevents the
relative rotation. According to Newton’s third law, these loadings must act in opposite directions on each segment,

as shown in Fig. (b). They can be determined by applying the equations of equilibrium to the free-body diagram of

either segment. \“\Y
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What is bending?

Horizontal lines

become curved

Vertical lines remain

straight, yet rotate

After deformation

Before deformation

(b)

(a)

Dr. Mohamed KCHAOU 47
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Approach to determine internal forces ;
and moments for beams in bending (5 steps) i l

| gl
0! I i ey
———— =" = : Note: it is clear that Ax=0
J'i iﬂ

29 step: determine the corresponding external reactions

(we choice the left segment, we will only determine Ay)

ala
1/21/2021 Dr. Mohamed KCHAOU 4 202 .



39 step: make imaginary “cuts” along the beam

Note: cutting before the load

Note: each section becomes a FBD,
with its own forces and moments.

5th step: write the equilibrium equations of the left segment

i\

Buliy Ban
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EXAMPLE

Determine the normal force, shear force, and bending moment acting just to the left, point B, and

just to the right, point C, of the 6-kN force on the beam in Fig. (a).

iy kM
UEN-m
Am
B |G
‘-—Jirn - & m -‘
(&)
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SOLUTION

Support Reactions. The free-body diagram of the beam is shown
in Fig. 7-4b. When determining the external reactions, realize that the

9-kN -m couple moment is a free vector and therefore it can be

(a) placed anywhere on the free-body diagram of the entire beam. Here
we will only determine A, since the left segments will be used for the
Free body diagram (FBD) of the beam analysis. ‘
lﬁkN C+EZMp=10: 9kN-m + (6kN)(6m) — A,(9m) =0
9kN - m '
A; = JkN
=D

F3 m ~|* 6m -
A, [)_,;I

(b)

~a
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kN
1 QkN-m

Free body diagram (FBD) of the left segment Tﬁ

Free-Body Diagrams. The free-body diagrams of the left segments

AB and AC of the beam are shown in Figs. 7-4¢ and 7-4d. In this case
the 9-kN - m couple moment 18 not included on these diagrams since it

must be kept in its original position until after the section is made and
the appropriate segment 1s isolated.

~a

Budiy aals
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Equations of equilibrium 6 kN Tﬁn
I =
Ao C =i N,r_"
—3m ! Ve
SkN
(d)
Equations of Equilibrium.
Segment AB
5L SF, = 0 Ng =0 Ans.
+1 2F, = 0; SKN = Vg =10 Vg = SkN Ans. NOTE: The negative sign indicates that

. e VC acts in the opposite sense to that
T&_ = 5 = N & — = S e 15. H
C+IMp=0; ~GkN)(3m) + Mp=0  Mp=15kN-m Ans shown on the free-body diagram. Also,

the moment arm for the 5-kN force in
both cases is approximately 3 m since B
= >F. =0 Ne=0 Ans. and C are “almost” coincident.

+13F,=0; SkN-6kN-Vo=0 Vo= —1kN Ans.
C+3Ms=0; —(S5kN)(3m) + M¢c=0 Ms=15kN-m Auns

Segment AC

W
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