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Lecture Outline

= Root Locus
= How to use the root locus
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What i1s Root Locus?

= Pole location of the feedback system
characterizes stability and transient properties.

= Consider a feedback system that has one
parameter (gain) K>0 to be designed.

L(s): open-loop TF

= Root locus graphically shows how poles of CL
system varies as K varies from 0 to infinity.

# Umm Al-Qura University
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/ A simple example \

5 sy =

s(s+2)

= Characteristiceq. 1+ K 0

s(s + 2)- - Closed-loop poles
i 52_‘_219-'-K:O - ¢ = —-1i'v1"-K
= K=0: $=0,-2 |
= K=1:8=-1,-1

\- K>1: complex numbers

—
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/ A more complicated example\

T L) 4
5(5 +2)(s+3)

= Characteristiceq. 1 + K

s(e+2)(3+3)
= s(s4+2)(s+3)+K(s+1)=0 =» s=777

= |tis hard to solve this analytically for each K.

= |s there some way to sketch roughly root locus
\by hand? (In Matlab, use command “rlocus.m’y

# Umm Al-Qura University
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Root locus sketching algorithm

= Step 0: Mark open-loop poles and zeros
= Step 1: On the real axis

= Step 2: Asymptotes

= Step 3. Breakaway points

= Step 4: Angles of departures and arrivals

"3¢7 Umm Al-Qura University
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Root locus: Step 0

= Root locus is symmetric w.r.t. the real axis.
= The number of branches = order of L(s)

If n

= Mark poles of L with “x” and zeros of L with

/L(S)Z SEEN | 1m \

s(s+2)(s+3)

X XK o X * Re
3 -2 -1 |0

\_
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Root locus sketching algorithm

= Step 0: Mark open-loop poles and zeros
= Step 1: On the real axis

= Step 2: Asymptotes

= Step 3: Breakaway points

= Step 4: Angles of departures and arrivals
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Root locus: Step 1 (On the real axis)

* RL includes all points on real axis to the left of an
odd number of real poles/zeros.

= RL originates from the poles of L and terminates
at the zeros of L, including infinity zeros.

e p

—><—><—e-<-*0 * Re

e B
\ Indicate the direction

\ with an arrowhead. /
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Root locus sketching algorithm

= Step 0: Mark open-loop poles and zeros
= Step 1: On the real axis

= Step 2: Asymptotes

= Step 3. Breakaway points

= Step 4: Angles of departures and arrivals
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Root locus: Step 2 (Asymptotes)

= Number of asymptotes = relative degree (r) of L:

r.= n - 1

~ “
= Angles of asymptotes are deg(den) deg(num)
T x(2k+1), k=0,1,...
=

=
R
=1

L] - *
¥ - -
] 4-. *+ +‘ ’Tr
] * L *
5 ™ o . o -
u - - .
- *
M - 2
- a [ s L 1]
] ‘ .-i -
B -
H - * +*
L * L
| ] # ™ *
n

"3¢7 Umm Al-Qura University
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Root locus: Step 2 (Asymptotes)

>.pole - > zero

T

§) = s+1 Ypole-Yzero  (04(-2)4(-3))-(-1
(0= 2t _OHEDHE)-(D - N

= [ntersections of asymptotes

r 2
Asymptotes : [ Im
(Not root locus) *—-—-—-.._*
—x—x—e-d—)fﬁ» R
-3 -2 -1 O °

L
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Root locus sketching algorithm

= Step 0: Mark open-loop poles and zeros
= Step 1: On the real axis

= Step 2: Asymptotes

= Step 3: Breakaway points

= Step 4: Angles of departures and arrivals

"3¢7 Umm Al-Qura University
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Root locus: Step 3

= Breakaway points are among roots of

Points where two or more branches meet and break away.

: : 3 2
/ L(s) s+1 dL(ts)__.Q‘s + 45 +53+3=\

=3(S+2)(3+3) = s (*)

m s =-2.4656, -0.7672 £ 0.79261

| 1
For each candidate s, check the positivity of K = — (s)

\ ) (K =0.4186)1.7907 7427721 /
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/ Root locus: Step 3 \

&
Im

2 -1 |0

Breakaway point

—2.46

(: 0.4186)
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/ Matlab command “'rlocus.m”\

Root Locus

T r : I

8 .

num=[1 1]; 6 | L(s) s+ 1
= M | el
den=[1 5 6 0]; .l s(s+2)(s+3)

sys=tf(num,den); )

1

rlocus(sys)

N
T
1

Imaginary Axis
L}
T
!
|
|
|
|.|.

17
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/ A simple example: revisited\

T_ Eﬂr N

s(s+ 2)

= Asymptotes
= Relative degree 2

= Intersection O+ (—2)
5 —

= Breakaway point

\ LI(S)Z "(26+2) =0 == S.:_l /

# Umm Al-Qura University
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Root locus: Step 0

* Root locus is symmetric w.r.t. the real axis.
= The number of branches = order of L(s)
= Mark poles of L with “x” and zeros of L with “0”

/ 1 [ Im | \

W)= DG +5)

X K —X * Re
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Root locus: Step 1 (Real axis)

= RL includes all points on real axis to the left of an
odd number of real poles/zeros.

* RL originates from the poles of L and terminates
at the zeros of L, including infinity zeros.

e ™

m—— ?=3— Re

/—5 -1 |0

Indicate the direction

K with an arrowhead. /
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Root locus: Step 2 (Asymptotes)

* Number of asymptotes = relative degree (r) of L:

= deg (den) - deg (num)

= Angles of asymptotes are

T x(2k+1), k=0,1,...
-
r=1 r=2 r=3 r=4
T § 2 5 x ™
N\ X \ X \3 XA
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Root locus: Step 2 (Asymptotes)

= Intersections of asymptotes 2. POI€ — 2 Z€ro

Tl
1
ﬁ) s(s+1)(s+5) - B ( 3 | )=_2\

T
Imf

Asymptote
(Not root locus) \‘\\

- Mocenmmeanst 3¢ 3N » R
NN °

L
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Root locus: Step 3 (Breakaway)

= Breakaway points are among roots of ‘f—“{j’f&@ =0
/ 1 dL(s)  3s2+125+5 \
L{s) = —_— = ' =
O = e+ = g Ol
- s=-23 ﬂ
S
1

For each candidate s, check the positivity of K = —

,.
v= 24 Y2 5 a7

=5 < /21

S = -2 - — —352
\_ S

L(s)
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Root locus: Step 3 (Breakaway)

Breakaway point

—0.47

Im

-
"
L
L
*'l‘
A
r
*
-
&>
™
L
&
-
-
&
-

What is this value?

Re

~

For what K7

|

Routh-Hurwitz!

(K = 1.13)
"3 7 Umm Al-Qura University
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/ Finding K for critical stability \

= Characteristic equation
K 3. .5
1+ =05 4+65+55+K =0
s(s+1)(s+5)

= Routh array .34 5
2| K Stability condition
g1 | 30=K 0< K <30
‘ 6
sO | K

= When K=30

\ 652+ 30 = 0 = s = +V/5; /

Umm Al-Qura University
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Im

1

/ Root locus

L(s) =

s(s+ 1)(s+5)

Breakaway point
—0.47

rRE

*
.
*
&
£ 3
*
-
-
-
*
-
L]
+
.
*
-
+
L 3
-
- a
- &3
-

K 1 13 K
— -
= .

. -
L.
|+
-
-
*
.

—\/33
(K = 30)
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/ Example with complex poles \

L( ) : After Steps 0,1,2,3, we obtain
§) =
: I
=484 1 How to compute m
zero 0 angle of departure? "
pole —14 V3 S(: ....... =
=49
O _—— Re
Breakaway point 2
3?+5+1—S(25+1)=0 i3
2
\ = 8§ = +1] /
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Root locus sketching algorithm

= Step 0: Mark open-loop poles and zeros
= Step 1: On the real axis

= Step 2: Asymptotes

= Step 3: Breakaway points

= Step 4: Angles of departures and arrivals

"3¢7 Umm Al-Qura University
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/

Vi S,
p1= ——+J?

01

im Y

™ L
L *
" [ 3
L] ".’
" *

[L{s)

®1

-
¢+*
.'Q‘
an
L S
?
|

Root locus: Step 4
Angle of departure

= Angle condition: For a point “s™ to be on RL,

—
—

* Re

™

: [ﬁ-ﬂli)fﬁi—ﬂz) |
f (s - 31) - .f(S - Pl) - (s 'pﬁ)
01~y - =

If s is close to p1

(;')1 ~ 120, 92 ~ 90

- 0 =-150 /
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/

B

S

Root locus

L(s) =

reakaway point
=-1(K=1)

2+ s+1
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Course roadmap

Modeling

l
¥ Laplace transform

¥’ Transfer function
¥ Models for systems
¥ electrical
¥ mechanical

v electromechanical

¥ Linearization, delay

.

Analysis

l.
¥ Time response
¥ Transient

v’ Steady state

Frequency response
* Bode plot

¥ Stability
¥ Routh-Hurwitz
* Nyquist

Design

Design specs

¥ Root locus

0

"3 7 Umm Al-Qura University

4 College of Engineering & Islamic Architecture
W Mechanical Engineering Department

Frequency domain
PID & Lead-lag
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What is Root Locus? (Review)

= Pole location of the feedback system
characterizes stability and transient properties.

= Consider a feedback system that has one
parameter (gain) K>0 to be designed.

L(s): open-loop TF

= Root locus graphically shows how poles of CL
system varies as K varies from 0 to infinity.

t Umm Al-Qura University
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= How to use the root locus

(Being able to draw root locus is NOT good
enough as a mechanical/control engineer!)
= Example 1: Gain design to meet design specifications
= Example 2: Pole location design
= Example 3: Multiple parameter design
= Example 4: Multiple parameter design

Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘w;é“ Mechanical Engineering Department
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Example 1

= Design the gain K s.t.
= QOvershoot at most 5 % R
= 2% settling time at most 2 sec
= Error constant Kp > 1

Re

(CL TF) = K 2nd order!

(s+1)(s+3)+K

t Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department
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Example 1 (cont'd)

= Allowable region
= Qvershoot at most 5 %
9<>
-+
= 2% settling time at most 2 sec_:fi-;

I s
Ts =

Cw

= Error constant Kp > 1

o
K;J=KL(O)=%:>1 o K>3

" Umm Al-Qura University
4 College of Engineering & Islamic Architecture
‘x/g\p?? Mechanical Engineering Department
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Example 1 (cont'd)

= Gain value computations
1
K="
ST L(s)
= §=2 (K =1) -5
1
K= — 1
R
-2+2]
1
K=
L(—2 + 2j)

"3 7 Umm Al-Qura University
#8¥1 College of Engineering & Islamic Architecture
‘w@? Mechanical Engineering Department
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/ Example 1 (cont'd)

= Acceptable gain
3<K<K5

= Minimum SS error for unit step =« (i

Cxs

~1+45/3 8 N

* Limitations of gain controller
= Ts cannot be less than 2 sec

= Overshoot and SS error cannot be.
iImproved simultaneously.

m) [ ead-lag compensator design! (Next lecture)

t Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department
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Example 1 (cont'd)

= Step responses

I I
I I
- - __°*_____++_ ____ 1t __ _ _ _]
| |
I I
_____ N
I I
g I I
R A T T
""E_ | |
E ————— T = - - = T = — = — 7
<{ I I
I I
R T N
I I
oy L L]
I I
I I
| |
6 8 10
ime (sec)

K=
K=

5
4

t Umm Al-Qura University
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= How to use the root locus

(Being able to draw root locus is NOT good
enough as a control engineer!)
= Example 1: Gain design to meet design specifications
= Example 2: Pole location design
= Example 3: Multiple parameter design
= Example 4: Multiple parameter design

AN
| 9%

uimy.

t Umm Al-Qura University

College of Engineering & Islamic Architecture
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/ Example 2 \

Draw root locus for a>0.

Characteristic eq.

| 9 . Im
. 5(.5-!-&)_0 37
W ?+9+sa=0 5

\_Y._/ LYJ N .

Term withouta Term with a

S

- ] —_
= +a52+9 0
N
L(s)

t Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department
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/ Example 2 (cont'd) \

If you want damping ratio l+a— s 0
T 3!(')

S = Ccosf, 0 = —
Q _ 4

What should the “a”-value be?

So = —3cosf + 3jsinf

[
I
(N
)

1
=t

\ L(s)

|
l
s=s¢

t Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘wng&“ Mechanical Engineering Department
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= How to use the root locus

(Being able to draw root locus is NOT good
enough as a control engineer!)
= Example 1: Gain design to meet design specifications
= Example 2: Pole location design
= Example 3: Multiple parameter design
= Example 4: Multiple parameter design

t Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘wng&“ Mechanical Engineering Department
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/ Example 3

1]

a) Set Ki=0. Draw root locus for K>0.
b) Set K=10. Draw root locus for Kt>0.

Q) Set K=5. Draw root locus for Ki>0.

/

# Umm Al-Qura University
Jg¥i College of Engineering & Islamic Architecture
/) Mechanical Engineering Department
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-5

There Is no

\ stabilizing gain K!

—5/3

Im

/ Example 3 (a): Ki=0

Re

™

"3 7 Umm Al-Qura University
#8¥1 College of Engineering & Islamic Architecture
Wnk&“ Mechanical Engineering Department
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/ Example 3 (b): K=10

1

Characteristiceq. + 10 [ 5%G+5) — 0

!‘ff bt

14

® 2(s4+5)+ Kis+10=0 ™ 1+ K

L

52(s+5)
5 —
$3+5s2+10
L(s)

_

# Umm Al-Qura University
College of Engineering & Islamic Architecture

Mechanical Engineering Department
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Example 3 (b)

Im

-

L(s) =

S

$3 + 552410

—5.35

X 0.

™

17 + 1.36;

» Re

By increasing Kt,
we can stabilize

\the CL system.

<0.17 — 1.36;

t Umm Al-Qura University
k College of Engineering & Islamic Architecture
w@? Mechanical Engineering Department
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/ Finding Kt for marginal stability\

= Characteristic equation
Kis 3,c2
1 =06 55+ Kis+10=0
+S3+532+10 s7+55°+ Kis+
= Routharray 3|1 K
2|5 10 Stability condition
41| BK;—10 Ki > 2
5
s9| 10
= When Kt=2

\\\ 552410 = 0= s = +V2j ///

Umm Al-Qura University
College of Engineering & Islamic Architecture
‘w;é“ Mechanical Engineering Department
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/ Matlab command “rlocus.m”

Root Locus
— . 026 _ 019§ - 033 0085 004 — 1
num=[1 0] ; e SR,
den=[1 5 0 10]; N R T |
sys=tf (num,den) ; - _
rlocus(sys) " )
grid on < -
s UF— -
= -
£ o
. : o T
Damping ratio £ .5/°¢
If K=10, we cannot - =TT } ,. R
. A0 052 I il P R A S -
achieve (=08 - _ _-° = "o o
_..____ﬂ_':______ L7 /’” -_?__L_'I-_'_f
for any Kt=0. q5e® i N el
-6 -5 -4 -3 -2 -1 0 1
Real Axis
"3 7 Umm Al-Qura University
4881 College of Engineering & Islamic Architecture 48

% Mechanical Engineering Department
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-

Example 3 (c): K=5

(s) E(s)
R(s) ~

Characteristic eq.

] i

S 2 —_— - . S
\ s°(s+5)+ Kis+5=0 ™ 1 e
LEF.‘i)

# Umm Al-Qura University
iy College of Engineering & Islamic Architecture
/) Mechanical Engineering Department
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/ Example 3 (c): Root locus plot

Root Locus

°0.52 -
DL 038_ - - 82 02 o012 0w !
6 e B - - o - i - L = ﬁ
= - _ ) . ' |
0.68 -~ :
i - . -
4l -
- 0.88....
® — 5 s "‘I.-._.‘
X 7 s e L
< ;
> il
— Op — — —x
(© .
= g
by 2 ~ _
© =
& ges — -
= Ll ~_
Sres” T~ o
Al - -
P ST " 03 ,-*___"_D
_1g'&52 1 rfa 2,.5
-6 -5 -4

Real Axis

Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department



http://uqu.edu.sa/

= How to use the root locus

(Being able to draw root locus is NOT good
enough as a control engineer!)

= Example 1: Gain design to meet design specifications
= Example 2: Pole location design

= Example 3: Multiple parameter design

= Example 4: Multiple parameter design

"3¢7 Umm Al-Qura University
81 College of Engineering & Islamic Architecture
Wnk&“ Mechanical Engineering Department
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/ Example 4 \

L(s)
- 14+Ts
L(s) =

(5) s(s+1)(s+2)

a) Set T=0. Draw root locus for K>0.

1
L(s) = s(s+1)(s+2)

\b) Vary T to see the effect of a zero on root Iocus/

%" Umm Al-Qura University
Jg¥i College of Engineering & Islamic Architecture
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/ Example 4 (a) \

= Root locus for Im
1 /

Us) = s(s+1)(s+2) (K =¢)
RS  ANNN— ’:: » Re
—2 . O

Breakaway point

3
R N V2

Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘w;é“ Mechanical Engineering Department
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/ Example 4 (b)

the characteristic equation can be written as
14+ Ts B

s(s+ 1) (s+2)

® s(s+1)(s+2)+K+TKs=0

1+ K

Term without T Termwith T
- 14T Ks -
s(s+1)(s+2)+K

\

= When K is fixed and T is a positive parameter,

™

t Umm Al-Qura University
A College of Engineering & Islamic Architecture
*wp»;f Mechanical Engineering Department
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/ Example 4 (b) (cont’d) \

= Root locus for some Y
K & various T T V2j

= Zero of L(s): /| (K=6,T=0)

1 f
= 9(—;* O » Re

» Generally, -1.5 0
addition of a zero in = \ /3
open-loop system s
improves CL stability. | 33

\ = _y

Umm Al-Qura University
College of Engineering & Islamic Architecture
‘w;é“ Mechanical Engineering Department
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/

\

Example 4 (b)

= How to obtain intersections of asymptotes for

S

s(s+1)(s+2)+K

L(s) =

S pole — m __ Y pole
T - 2

Zﬁole

The coefficient of s2 is — ¥ pole

™

(5 p1)(s p2)(s p3) =5> (p1 + p2+p3) 82+ -

/

t Umm Al-Qura University
k College of Engineering & Islamic Architecture
‘wng&“ Mechanical Engineering Department
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Table &1 Open-Loop Pole—Fero Configurations
and the Comesponding Foot Loci

2 e '|l‘r

4 _—
III’I o - o -
\

N\

[

/

J:‘f i \:..-
™~ N Y
s

/ 4\

N,
[~
d)‘f"f
/ 1\

o ar

ﬁ'r'-.-‘-“‘\-'
Q

Umm Al-Qura University
A College of Engineering & Islamic Architecture
/) Mechanical Engineering Department



http://uqu.edu.sa/

Summary

= Root Locus
= What is root locus
= How to roughly sketch root locus
= Sketching root locus relies heavily on experience
(PRACTICE)
= To accurately draw root locus, use Matlab
= How to use the root locus
= Example 1: Gain design to meet design specifications
= Example 2: Pole location design
= Example 3, 4: Multiple parameter design

- 3sign Based on Root Locus

"= Lectureo: Assignment (>500n)

# Umm Al-Qura University
College of Engineering & Islamic Architecture

[y . . . 58
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=  Sketch the root
following  open-loop
functions (L(S)).

Assignment

(a)

locus of the

transfer (b)

(c)
(d)
(e)
()

(g)
(h)
(i)

()

L(s) = ¢
L(s) = =
L(s) = =

L {S) - s{5+4)

L(s) = 5255
L) = Grmers
L(S) = sy
L(s) = 3:21

L) = enemn
L(s) = 5+3

(5+1)(52+4545)
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End of Lecture 6
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