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Graphical solutionfor velocty of four - bar ﬁ;cthm
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Graphical solutionfor acceleraton
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Graphical solutionfor velocty of slider- crank mechanism

W, 18 given wy- and V., are asked to find

|

B Viia
‘7 VC/B
BIA
B
| ; 0
VC/A
C
A =5
vV
- - - _ _YerB
= + Verg = Opclpe Wpc
C/A C/B B/A ,
BC
cra = Wpe X Ve T Wyp XTyp

Kinematic analysis of mechanisms




Graphical solutionfor acceleraton of slider- crank mechanism

a,p and w,,1s given o, and a.,, are asked to find
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t
a
— —G" 4G 4G" 4G Oy = C/B
Aejp = Aeyp Tlep T p TApyy Fac
— 2 —
Acjp = —Wpclge + ch XT, a)ABr W T aAB XFyp

Kinematic analysis of mechanisms



|

Graphical solutionfor velocty of inverted slider - crank mechanism
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D/B
W, 18 given @y, and V., are asked to find
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Graphical solutionfor acceleraton of slider- crank mechanism

a,c and o, 1s given o, and a5, are asked to find

Acia =0cip T e pp T Acpprionis

1t
—n —1 —n —1 — — Ay = Aers
_ BD —
Acjp T Acip =0cip T A p A pp T g, Fac
— @y Gy X Ty = — @2 Fo & Grpy X P+ @y + 260, XV
Oyclpc TOpc XVye = —Wpplge T App X Tge T A pp Wpp X Versp
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Loop-Closure equation for a four-bar linkage

forcrank 6, ,6,,6, and link lengths r,,,, 1,1, are given,
6,and 6, also 6, , 6, , 0, , H, are asked to find.
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A

A h D
L+rn=n+r,

r,+1r,—1—r, =0 loop-closureequation
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F =re’’ =rcos@+ jrsin@ iscalledEuler formula
rzejez +I’3€j93 —rlej‘g1 —r4ej94 =0

r, cos@, + jr, sinb, +r, coso, + jr, sin b,

—1r,cos@, — jrsin@, —r, cos@, — jr,sin@, =0
Real and imaginary parts can be written separate as two equations
1, cos@, +r,cosl, —r,cosl, —r,cosl, =0
1, sin@, +r,sin6;, —r,;sin6, —r,sin6, =0
Define two functions

F,(6,,0,)=r,cos6, +r,cosl, —r,cosf, —r,cosd, =0

F,(6,,6,)=r,sin0, + r,sinf, —r,sin6, —r, sinf, =0

remember 6, =0°

F, =r,cos0, +r,cost,—r,—r,cos0, =0

F, =r,sin0, +r,sin@, —r,sind, =0



to find velocities take time derivatives of F and F,

% = —r,sin 6,6, —r,sin 0,6, +r,sinH,0, =0
4
% =, 0080292 +1, 003036?3 —7, 0036?494 =0

—rsin@,  r,sind, | 6, | rsin 6,6,
r,cosf, —r,cosb, || 6, —r,c0s6,0,



. . . -1 -
0, {— r,sin@, r,sind, } 1,0, sin 6,

0, r,cos@, —r,cosb,| |—r0,cosb,
) ) i .. dF dF.
to find acceleratons take time derivatives of —- and —2
dt dt
d*F . : . :
1 _ . 2 . 2
i —1, sin60,0, —r, cos6,0;, —r, sin6,0, —r, cos 6,0,

. Y
+7,5in0,0, +r,sin6,0, =0

d’F,
dt’
+r,c086,0, +1,5in0,0} =0

~ . o . L
=—1, 080,60, —1,sin 0,0, —r, cos0,0, —r, sin 6,0,




~rsing,  rsing, |6, |A
r,cos@, —r,cosb,|d,| |B
0, |—rsing, r,sind, TA
g,| | rcosd, ~—r,cos6,| |B

. - - S
A =r,sin0,0, +r,cosb,0, +r,cos0,0, —r,sinb,0,

. o L S
B =r,co0s0,0, +1,sin6,0, +r,sin6,6;, —r, sin6,0,

The following matrix is calledJacobien matrix

which is same for displacement, velocity and acceleration calculations.

- {— r,sin@, r,sing, }

r,cosl, —r,cosf,



If we want to find velocity or acceleration of any point, write vector of the point and
differentiate with respect to time
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> a7 j0, j0s

=r,c0s0, + jr, sin@, +r, cosO, + jr, sino,

= (r,cos0, + r;cos6,) + j(r,sinb, +r,sinb,)
.= (-1, sin 9292 — 1, 81n 9393) + j(r, 008925’2 + 1 0056’36}3)

— _ . .o ) . .o 29

+ j(r, c0s0,0, +r,sin0,0; +r,cosO,0, +r,sin6,0;)

or wecanuser. =7 +7, =re’" +re’

forpointE 7, =7 +7, + 7., =re’

J0s

T T 47—l
I, =1, +Fg, =1e’” +r,e’” can be used



Example

54

109
110

AB=3cm,BC=7cm,AD=6cm,DC=9cm
@, =10rad/s ( constant, or uniform, and CCW)

w,=7w,=0,="7 a,="
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0,| |—rsing, r,siné, B r,0, sin 6,
0, r,cosd, —r,cosb, | |-rb,cosb,

{9’3} _{—7311154 9sin109 }1{3(1O)sin110}

0, 7cos54  —9cos109]| |3(10)cosl10
remember i i
a,y, —a, determinant
R ECTRCY)
A= Al=| A A A =a,,a,, —ayay,
ay Ay —a, a;
| A A

6, [-5.66 851]28.19
6,| | 411 293] |10.26

determinant A = (-5.66)(2.93)—-(4.11)(8.51) =-51.56



2.93 —8.51 |

0| _| 5156 —51.56 2819
94 -411 -5.66 | 1026

| -51.56 —51.56]

6,| [-0.057 0.16]28.19

6, | 008 0.11]1026
0, = @, = (—0.057)(28.19) + (0.16)(10.26) = 0.035rad/s
0, = w, = (0.08)(28.19) +(0.11)(10.26) = 3.38 rad/s

0,| |—rsing, r,siné, TA
g, | r,cosd, —r,cos,| |B

0, [-0.057 0.16]A]
f,| | 008 0.11|B




A=r,0,sin0, + 1,07 cosb, +r,0; cosb, —r,0; sin 6,
A =3(0)sin110+3(10)* cos110+7(0.035)* cos54—9(3.38)*sin109=—69.12

. . . o
B =r,0, cosO, + 1,0, sinb, +r,6; sin0f, —r,0, sinf,

B =3(0)cos110+3(10)*sin110+7(0.035)* sin54—9(3.38)* sin109=184.69

6,| [-0.057 0.16]-69.12

g, | 008 0.11 184.69
b, = o, = (~0.057)(=69.12) + (0.16)(184.69) = 33.49 rad/s”
b, = a, = (0.08)(=69.12) + (0.11)(184.69) = 14.78 rad/s’



Offset slider-crank mechanism loop-closure equation

02
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—s =3

+7r,—1,—1, =0 loop-closureequation

17 17 17 12
7’i€J1+7"4€J 4_,,2€J 2_7’361 3 :0

r,cos@, + jrsinf, +r, cosf, + jr,sinb,

—r,cos8, — jr, sin6, —r, cosO, — jr,sinf, =0

Real and imaginary parts can be written separate as two equations
1,cos6, +r,cosl, —r,cosl, —r,cosd, =0

r,sin@, +r,sin0, —r, sin6, —r,sin@;, =0
Define two functions
F, =r,cos0, +r,cosf, —r,cosl, —r,cosd, =0

F, =rsin@, +r,sin@, —r,sin@, —r,sin6, =0

remember 6, =270° and 6, =0°

F, =r,—r,cos0,—r,cost, =0

F,=-1r,—r,sin0, —r,sin6, =0



to find velocities take time derivative of F and F,

% =7, +1,0,sin8, +r,0,sin@, =0
5
% = —1,0,cos6, —r,0,cosb, =0

5

nsing, 1|6, _ —1,0,sin0,
—r,cosf; O 7, r,6, cosé,
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0, | rsing, 1 B —1,0,5in6,
r, —r,cos6, O r,0, cosé,

. . . .. dF dF
to find accelerations take time derivative of —L and —=

dt dt

d’F,

. . . .o . ~
=1, +1,0,s1n0, + r,0, cosO, + r,0,sinb, + r,0; cosd, =0

s . . o
=—1,0, cosO, + 1,0, sinf, —r,0, cosO, +r,0, sind, =0




rsing, 1|6, A
—r,costy, O] 7 | B
0, | rsing, 1 TA
r, | -rcosd, 0| |B
A=—r,6,sinb, —r,6: cos, —r,6; cosb,

o . .
B =r,0, cosO, —r,0, sin0, —r,0; sinf,

The following matrix is the Jacobean matrix of the mechanism

rsing, 1
J =
—r,cost, O



Example

61 17

AB=2cm, BC=6cm
@, =10rad/s (constant, or uniform, and CCW)

0y =?Vo=2 ay=2a, =7
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0, | rsiné, 1" —1,0,5in6,
r, —r,cost, O r,0, cosé,
6,] [ 6sin343 17 [-2(10)sin61
7, | | —6cos343 0] | 2(10)cos61
6,] [-1.7542 1]'[-17.4924
7| | 57378 0] | 9.6962
determinant A = (1.7542)(0) —(-5.7378 (1) =5.7378

o, 1 0 -1 ][-17.4924
7, | 5737857378 —1.7542] | 9.6962




6,| [0 —0.1743]|[-17.4924
;| |1 —03057|] 9.6962
0, = o, = (0)(~17.4924) + (-0.1743)(9.6962) = —1.69rad/s
iy, = Ve = (1)(=17.4924) + (-0.3057)(9.6962) = —20.4565cm/s

0, | rsiné; 17 TA

P, | -rcosh, 0| |B
6,| [0 -0.1743]|[A
/| |1 —0.3057||B



A=—r,6,sinb, —r,6: cos, —r,0; cosb,
A=-2(0)sin61—2(10)* cos61—6(—1.69)* cos343=—-113.3497

. . .
B =r,0, cos0, + 1,0, sin6, —r,0; sinf,

B =2(0)cos61+2(10)*sin61—6(—1.69)° sin343=-169.9137
6, [0 —0.1743][-113.3497
/| |1 —0.3057]|-169.9137

653 = a, = (0)(=113.3497) +(-0.1743)(-169.9137) = 29.6159rad/s’
¥, =a, =(1)(-113.3497) +(-0.3057)(-169.9137) = —61.4070cm/s’



Inverted slider-crank mechanism loop-closure equation

y
» C
2
A X
¥y
h
Oa
B v \

Our variablesare 6, and 7,
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—

L+rn+rn =,
r,+r,+r,—r, =0 loop-closureequation

o

0 0 . 0
re’" +re’” +re’™ —re’” =0

r,cosf, + jrsin6, +r, cos, + jr, sinb,
+1r,cos0, + jr,sin@, —r, cosl, — jr,sinf, =0
Real and imaginary parts can be written separate as two equations

1,c0s6, +r,cosl, +r,cosd, —r,cosl, =0

1,sin@, +r,sind; +r,sin6, —r,sin6, =0
Define two functions
F, =r,cos0, +r,cosb, +r,cosl, —r,cosl, =0
F, =rsin@, +r,sin6, +r,s8in0, —r,sin0, =0
remember 6, =270° and 6, =0°
F,=r,+r,cosf,—r,cosd, =0

F,=—1+r,sinf, —r,sinf, =0



to find velocities take time derivative of F and F,

dF, . . .

d—l =7, cosf, —r,0,8in6, +r,0,sind, =0
4

% =7,siné, +r,0, cosd, —r,0,cosb, =0
4

—r,sin6, cosb, || 6, B —1,0,sin6,
r,cosd, sind, | r, 1,0, cos0,



6, |-rsind, cosé, B —1,0,5in6,
i, r,cosf, sing, 1,0, cos0,

F F,
to find acceleratons take time derivative of d? and dd
t t
2
d—lj—a cosé, —r,0,siné, —r,0,siné, —r,0, sin b,
dt

. . . -
— 1,0, cosl, +r,0,sinb, + 1,0, cosd, =0

d’F,
dr’
— 1,67 sin@, +r,0, cosb, — 1,05 sinf, =0

=7, sin6, +r1,0, cosf, +1,0,cosb, +r,0,cosb,




~r,8in@, cosé, |6, |A
r,cos6, sind, || ¥, | B
6, |-rsind, cosé, TA
v, | r,cosf, sin6, | |B

s . . .
A=2r,0,s1n6, +r,0, cosf, —1,0,sinb, — 1,0, cosb,

L o . o
B =-2r,0,cos0, +r,0, sin6, —r,0, cosb, +r,0, sinf,

The following matrix is called Jacobien matrix

which 1s same for displacement, velocity and acceleration calculations

r,cosf, sind,

o {— r,sinf, cos@ﬂ



Example

D4

D AC=2cm

AB=5cm
BC=6.14 cm

0,=116° 6, =163

0,=7 6,=? Veypp=? acipp ="

@, = 10rad/s (constant, or uniform, and CCW)
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6, |-rsind, cosé, B —1,0,5in6,
i, r,cosf, sing, 1,0, cos0,

94 B —(6.14)sin163 cosl163 - —2(10)sinl 16
- (6.14)cosl63 sinl63 2(10)cos116

6,] [-1.7952 -0.9563] '[-17.9759
;| | =5.8717 02924 | | -8.7674

determinant A = (—1.7952)(0.2924) — (-5.8717)(—0.9563) = —-6.14

6,] 1 [02924 09563 [-17.9759
| —6.14]5.8717 —1.7952| —8.7674

¥y



6,| [-0.0476 —0.1557]-17.9759

7| |—09563 0.2924 | —8.7674
6, = w, = (-0.0476)(~17.9759) + (—0.1557)(-8.7674) = 2.22 rad/s
F, =V pp = (—0.9563)(=17.9759) +(0.2924)(-8.7674) = 14.62 cm/s

6,| | rsing, cosé, TA
r, | —r,cosf, sind,| |B

s . . .
A=27,0,s1n6, + 1,0, cosf, —1,0,sinb, — 1,0, cosb,

L o . o
B=-2r,0,cos0, +r,0, sin6, —r,0, cosb, +r,0, sinf,

A=2(14.62)(2.22)sin163+2(2.22)* cos163—2(0)sin116—2(10)* cos116=77.7147

B =-2(14.62)(2.22)cos163+2(2.22)* sin163—2(0)cos1 16+ 2(10)*sin116=—108.8351



d,| [-0.0476 —0.1557| 77.7147
i, | |-0.9563 0.2924 | -108.8351
0, =a, =(-0.0476)(77.7147)+(-0.1557)(~108.8351) = 13.27 rad/s’
i, = dac,pp = (=0.9563)(77.7147) +(0.2924)(-108.8351) = —105.66 cm/s’



Scotch-Yoke Mechanism
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—

r,—r,—r, =0 loop-closureequation

JO _ . 00 . 00
re r,e re™ =0

1, cost, + jr,sin@, —r, cosO, — jr,sinb, —r, cos@, — jr,sin6, =0

Real and imaginary parts can be written separate as two equations

r,cosl, —r,cosO, —r,cos0, =0

r,sin@, —r,sin@, —r, sind, =0



Define two functions

F,=r,cos0,—r,cos0, —r,cost, =0

F, =r,sin6, —r,sin6, —r,sinf, =0
remember 6, =0° and 6, =90°
F,=r,cos0,—r, =0

F,=r,sin0, —r, =0

variables are r, and r,



to find velocities take time derivative of F and F,

dF, - .
—=-r,0,s1n6, —r, =0
dt 272 2 4
dF. : .
d—t2 =r,0,cos0,—7, =0

-1 0| — 1,0, cosb,
0 -—-1]r r,0, sin 6,
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il [-1 0 [-r6,cos,

il L0 —1] | nB,siné,

to find acceleratons take time derivative of % and %
4 4
szl ) o 12 ..
7 1,0, sin6, +r,0; cosd, —i, =0
d’F,

PR 1,0, cosf, — 1,0 sinf, — ¥, =0



A=-1,0,cosb, +r1,0; sin6,
B =-r1,0,sin0, —r,0; cosb,

The following matrix is called Jacobien matrix

which 1s same for displacement, velocity and acceleration calculations

o 5



Quick return mechanism

Kinematic analysis of mechanisms

44



P AT =T,
R =TT,
P AT, 7, =0
T, 7, =0
re’” +re’” —re’® =0
r4ej‘94 +rsej6’5 —r6ej96 —I”7€j97 =0
r,cosf, +r,cosl, —r,cosl, =0
r,sin@, +r,sin6, —r,sind, =0
r,cosO, + 1, cost —r, cosd, —r,cosl, =0

r,sin@, +r,sin0; —r, sin6, —r, sin@, =0

6, =90°, 6, =90°,6, =180°, 6, =0,,



1,c0890+r, cost, —r,cosd, =0
1,s1n90+ 7, sin@, —r, sin6, =0
1, cost;, +r,cosO; — 1, cos90—r, cosl80=0
r,sin@, + r;sinf, —r, sin90—r, sin180=0
F,=r,cos8,—r,cos0, =0

F,=r+rsin6, —r,sinf, =0

F,=r,cos0, +r.cost,+r, =0

F,=r,sin0, +r,sin0; —r, =0

variables are; r;, 6;, 6., r,



Fi 0
F)

FvSO

F;

OF,

oF,

oF,

OF,

+—Lon+—06,+—06,+—L5r, =0
or, a 00, or,
_}_%5},.3 +%5@3 +%5@5 +%5}f7 =0
or, . 00, or,
+%5r3 +%593 +%§¢95 +%5r7 =0
or, a 00, or,
+%5r3 +%56?3 +%§6?5 +@5r7 =0
or, a 0. or,
(OF, OF OF OF, |
o, 060, 00, or, | _
oF, ©OF, ©oF, &F, | o
or, 00, 00, or, |56,
OF, OF, OF, OF, | 50,
or, 00, 86, o | &
ofF, oF, OF, OF,
| or, 06, 06, or, |
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o,
00,
00,
or,

OF 0OF oF oF,
or, 00, 00, o
OF, OF, OF, 0F,
or, 00, 00, o,
OF, OF, OF, OF,
or, 00, 00, o
OF, OF, OF, 0F,
or, 00, 00, or,
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@:—00363, %:@sinég, %zO, %zo

2 . o, or,
%:—sin@, %:—Qcoség, %:O, %:O

2 00, . or,
%zO, 9k _ r, sind;, %:—rssiné’s, %:1
or, . 00, or,
%:O, @200086’3, %:rscosﬁs, %:O
or, 00, 00, or,



O, | [—cosf, rsind, 0 0] [- F]
50, | | —sin@, —r,cosb, 0 0| |-F
50, oo —r,sind, —rsinf; 1| |-F

o | | O r,cos, rycosb; 0| |—F,|

F|<e, [F)|<e.

if conditions‘FlO‘ <eg, F, ‘ < ¢ are not satisfied,new guesses

ro=r +0r
0, =0, + 60,
0. = 0. + 56,

1 _ .0
r=r +0r
are used and calculations are repeated until conditons are satisfied.

£is a Numerical Tolerance like 10™.

These calculations will be repeatedfor 0° < 8, <360°



To find velocities r;, 93, 95, r, derive Fs with respect totime

F =—r1,0,sin@, — i, cosf, +r,6, sind, =0
F, = 1,0, cosO, —i,sinb, —r,0, cosé, =0
F, =-r,0,sin0, —r,0,sinf, +1, =0

F, =1,0,cos0, + 1.0, cosb, =0
— 1, c0s86, +1,sin6,0, = 1,0, sin 6,
— 1, 8in@, —r, cos0,0, =—r,0, cosb,

—r,sin6,0, —r;sinf.0, +1, =0

r, cos6,6; +r,cos6,0, =0



[ —cosf, r,sind, 0 of#] | 1,0, sin 6, ]
—sinf, —r,cosb, 0 0|6, — 1,0, cos0,
0 —r,sin@, —rsind, 1|6, B 0
0 r,costh  rcosts 07| | 0 |

To find acceleratons 7, 6, 6., #, derive Fs with respect totime

— _ " . 2 . - . ., . " . . '2 _
F =-10,sm0, - 10" cost, -, cost; + 1,0, sin b, + 1,0 sin b, + 1,0, sin 6, +1,0° cost; =0
- _ Py 2 . e e - ., N . '2 . _
F, =10, cos0, -0 sinb, —i;sinb; - 1,0, cost; — 1,6, cost; —r,0; cosb, + 1,0 sind; =0
L . . . L

F, =-r,0;s1n6;, —r,0" cosO, —r;0;sin; — ;0" costs +1;, =0

. . . . o
F;, =r1,0,cos0;+ 1,0 sinb, +r0; cost; —r;0”sinb; =0



. . R IS ) - Y
—costyr; +1;860,0, = 1,0, 8100, + 1,0 cost, - 21,0, sind; - 1,0 cos,

. . N ~ 7 . . A A .
—sindyr; —r; c080,0; =—n,0, cost, + 1,0 sinb, + 25,0, cost;, — 1,0 sin b,
. s .

. s .
r,c0s0,0; + 15 cos0s05 = —r,0"sinb; + 1,0 sin b

—cosf, r,sinb, 0 0] 7 A

—sinf, —r,cosb, 0 0|6, B

0 —r,sinf, —r.sinf, 1| 6, |
0 r,cos; rcosty O|F | |D)



e : L .
A=nb,sinb, +n0" cost, —2i,0, sinb, — 1,0 cost,
B =10, cos0, +1,0” sin, + 27,0, cost, — ;)" sin,

C =r,0” cosf, +r.0° cosb,

3 5

D =—r,07sinf, + .0 sin 6,
3 5

Jacobian matrix of the problemis

—cost, r,sinb, 0

0
—sinf, —r,cosb, 0 0
0 —r,sinf; —r;sinf;, 1

0

0 r,cost,  r;cosd.



