Laplace Transforms and Block
Diagrams

Laplace transform is used for transforming a function of time
domain (t) into a function of frequency domain (s).

Why we use Laplace transforms?
- To transform ODE (Ordinary Differential Equation) to an
algebraic equation.
2- Easy to analyze and design systems.
3- To deal with frequency responses.

Laplace transforms table:
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Some properties of Laplace transforms:
1- Linearity:

Llafi(t) + arfo(D) } = oy Fy + ayF,

Example: L{4t + 27}
Solution: L{at+2e %} = 4L{t}+ 2L{e %}
4 = 2

52 s+6

2- Time Delay:

L{f(t—T)}=e TF

Example: B{ e~ 0-5(t—4) }
1 —4s

— — — e
Solution: B{ e 0.5(t—4) } = e 45« =
s+0.5 s+0.5

Example: LL 8(t — 4T) }
Solution: L{LE( —4T) } = e 551 =7

3- Final Value Theorem:

tlim fl) = lirrg sF(s)
—00 S—
Only if the poles of sF(s) are in left half plane (LHP)

Example: Find the final value for:

5
& F(S) o s(s2+5+2)
4
b- F(S) T s244
Solution: a- t11_>r£10 f) = !51—{% S* 5
= lim the poles are : - + ﬁi , - ﬁi
s—0 (sZ2+s+2) 2 2 2 2

all roots arein LHP:
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5

: : : : 5
Substitute s=0 in the equation — lim =

s—0 (s2+s5+2) 2
. . 4
b- lim f(t) =lims *
t—>oo s—0 s2+4
= lim — Theroots are 2i ,—21. notin LHP
s—0 S“+4

So. fmfO = lms > 5

4- Initial value theorem:

tlirgl+ f(t) =lim sF(s)
- S—00
No need to check the poles locations.

Example: Find the initial value for:
5

a- F(S) = m
4
b- F(S) - s2+4

ition: a- li = li *
Solution: a tl_l>r(l)l+f(t) gl_)rgs (2+542)

= 0 Because 5 is divided by

a very large number.

= lim
S—00 (s24s+2)

4
b- lim f(t) = lim s *
t—>0+f( ) S—00 52+4—
) 4s
= lim — =0
s—oo S“+4

5- Convolution:

Lif1(0) X f2(0)} # F1(s) x F3(s)

6- Frequency shift theorem:

L{f(t) X e "'} = F(s+x)
It means that you find the Laplace transform for the f(t)
and change every (s) in the function with (s+a).

Example: Find the Laplace transform for:
a- L{te '}
b- L{sin4t - e*'}
c- L{3t* - 73}
d- L{cos6t - €%}



1
Solution: a- L{te™>t} = first we find L{t} = = then we
S

change (s) with (s+5).
Do the same for each example.

1
(s+5)2

TS 2
b- L{sin4t-e*} = D244
4, -3it) _ 4, o3t — ——
C—£{3t e }—3»8{3t e } 3X(5—|—3i)5 (s+30)°
5 W Gt N
d- L{cos6t - e} = (o—8)2136

. . -1
Some exercises for finding £ ~ :

Filv,ci.'a-ﬁ_l{i} b- ’8_1{532} C_'B_l{ : }

s (s—3)2
1 4 -1 4 -1 4
d-£ . {52 +44 } e- £ {(s+1)2 +4 } f- £ {52 44548 }
— S
& £ { (s+1)2+4 }

* } = ZB_l{ 2 }: 2e"tsin2t

(s+1)2+4

4 _ p-1 4 _ p1 4
52+45+8}_£ {(52+4s+4)+4} £ {(s+2)2+4}

ZB_l{ = }=Ze_2tsin2t

(s+2)%+4

_pl 4s _ p1 4(s+1)—4 }
g £ { (s+1)2+4 } £ { (s+1)2+4
. B_l { 4(s+1) 4 }
o G+1)2+4  (s+1)2+4

-1 s+1 -1 2
=4£ { (s+1)2+4 } - 2L {(s+1)2 +4}
= 4e tcos2t — 2e7tsin2t = 2e Y (2cos2t — sin2t)




Solving ODE by Laplace transforms:

There are 3 steps to find the solution:

1 2 3
ODE » Algebraic Partial Fractions Solution

\ 4

L L1

NOTE FOR THE SECOND STEP:

To find the partial fractions, we have three cases:
1- Distinct roots.

2- Repeated roots.

3- Complex roots.

First Case: Distinct roots:
Example: Solve the ODE:

%4_3‘;_3:4.2);: 5, ICsare: y(0)=-1,y'(0) =2
Solution:

y'+3y'+2y=5
Lo {2 = sy(0) — y (00} + 3057 — y(0)} + 27 =

{s?Y+s—2}+3{sY+1}+2Y = g Substitute ICs

S2Y +3sY +2Y +s4+1=2

S

Y(s?+3s+2) =§—5—1
2 —g2_
Y(52+3.S+2):E_S__£:55 s
_s?o Tsosis ;
— _57s7s > 2 _ Rootsare0 , -1, -2
s(s?+3s5+2) s(s+1)(s+2)
_5-s*-s _ AL B L C
s(s243s+2) s s+l s+2

Multiply both sides by s(s? + 3s+ 2):

5—5s2—s5s=A(s*+35s+2)+Bs(s+2)+Cs(s+1)
Now choose values of s that makes other unknowns = 0 :

When s = 0:
When s = -1:
5=B(-1)(1) > B=-5
When s = -2:
3=-2C(-1) » C= 3
Partial fractions are: 2 _ 5 + 3
2s s+1 2(s+2)
1 _1(5 5 3
2s s+1 2(s+2)

o



LG e )

2 _pet43e-2t
2 2 ,
LY=o et + ;e_Zt This is the solution for ODE

Second Case: Repeated roots:
Example: Solve the ODE:

Ty sd 2 +8< 44y =25, with Zero ICs
y(0)=y'(0)=y"(0)=0

t

Solution:
y'"+5y"+8y +4y =248

L S3Y 4+ 55%Y + 8sY + 4Y =2 Because no initial conditions.
Y(s3+ 5522 +8s+4)=2

s3+55248s+4

= GG See the Appendixin last page to know how to

Factor the third-degree equation.
2 A B c

(s+1D(+2)2 s+1 0 (s+2)2  s+2
Multiply by: (s + 1)(s+ 2)?:
2=A(G+2)?+B(s+1)+C(s+1)(s+2)

Whens = -1:

2=A4(1)* - A=2

Whens = -2:

2=b(-1) » B=-2

Whens = 1:

2=2(9)— 2(2)+C(2)(3) - = -2

Partial fractions are: — — —— — —
s+1 (s+2)2 S+2

R A e

s+1 (s+2)%2  s+2

287 05 -2 () 22 )

27t — 2te™ %t — 272
y=2(e "t —te 2t — e 2Y) Thisis the solution for ODE




Third case: Complex roots:
Example: Solve the ODE:
d?y dy .
—+ 2=+ 5y =3, with Zero ICs
dt? dat ,
y(0)=y'(0)=0

Solution:

y"+2y' +5y=3

3
L s’Y +2sY + 5Y = —
S
Y(sz+25+5)=§
Y= S — Roots are: 0 , -1+2i , -1-2i
s(s2+2s+5)
3 A Bs+C

s(s242545) s = s242s+5

Multiply both sides by: s(s*+ 2s+5)
3=A(s*+2s+5)+ (Bs+¢)s

Whens =0 :

3=4(5) - A=:
Whens=1:

3=§(8)+B+C — equation 1
When s = -1 :

3= %(4) + B —C - equation 2
Solving the equation 1 and 2 :

- B=-

Ul o | W

- C =—

3 6
: : 5515
Partial fractions are: — — ——>——"—

‘ 55  (s42s5+5)

3548 3542 Ss+1)+2-2
3__ 5% _3_ _ 5% _3_ 5 55
55 SZ242s+1+4 55 (s+1)2+4+4  5s (s+1)2+4

o2 (Gorrs) ~ 20 (Groems)

P £_1{3 3/ (s+1) 3 2 }
- §_§<(s+1)2+4>_E<(s+1)2+4>

3 3 _ 3 _ .
=>—Ze¢tcos2t—=e tsin2t
5 5 10
3 3

ny=c— et (cosZt + %SinZt)

92}



Block Diagrams:

Graphical representation of transfer functions.
output of the system

Transfer function = -
input of the system

For example, if you have a mass and you push it by a force f(t) and you
want to know the distance x(t), the force will be the input of the system
and the distance will be the output:

f(@) x(t)
msssssss) | Transfer Function | mos)

We will learn how to find the transfer function in mathematical modeling.

Types of block diagrams:

—_— G |/ Open-Loop system (OL)

Unity Feedback system.
Closed-Loop (CL)

v
|

v
o)

v

v
y

v

Negative Feedback system.
Closed-Loop (CL)

T | D

v
v

o)
v

Positive Feedback system.

[ + Closed- Loop (CL)

Where G and H are transfer functions.

S»




Block diagrams reduction rules:
We can reduce a large block diagram to a simple open-loop (OL) system
by using these rules:

1- Between every two blocks (in series)is multiplication (X)

—> G | = — GG |—

2- If there are two blocks in parallel, they have four cases:
a- Forward:

M Gy

o
— O—» = — G1+G |—
_ 4

A 4

G2

b- Backward: (Negative Feedback):

—+O—* G * = "\ 17mc [
T—H

c- Backward: (Positive Feedback):

~O—7 G j_’ = ~ |1-HG [ "
T—H

d- Backward: (Unity Feedback):

‘ >

—+>O—> G |7 = — 1

;

+




Example: Reduce these block diagrams to a single block (OL transfer
function) :

- »ef» I
s+1

b_ 5

Gf g [

1

o
—

v

7]

C-

l

Solution:
a_ 5 1 5
P s [ s > = s(s +1) >
Multiply Unity Feedback
5 5
s(s+1) __ s(s+1) __ 5 — ; L,
s(s+1) s(s+1)
b- 5
s+1
Positive Feedback
1
s
5 5 5
s+1 _ s+1 ___s+1 _ 5 _ 5s
1_(1)( 5 ) 1 5 ) s(s+1)—5 s(s+1)—-5 s(s+1)-5
s/\s+1 s(s+1) s(s+1) s
5s
= —>» —>

s(s+1)-5




C- 1

{T%._..

1 1

s s+1

Unity Feedback

Add
1 1 2s+1 25+1
stse1 _ sGFD __ sGHD _ 2s+1
1 1 2s+1 s(s+1)+25+1 ¢24 3541
1+(s+s+1) 1+s(s+1) s(s+1)

2s +1

s2+3s+1

Example: If the transfer function of an open-loop system is:

2s+1
s243s+1

, find the unity feedback block diagram.

G
Solution: The rule of the unity feedback is: Toc’ we need to find the

Value of G.
2s+1 G

s243s+1  14G

- G(s*+3s+1)=(1+G)(2s+1)

G(s?+3s+1)=2Gs+G+2s+1
G(s?+3s+1)—2Gs—G=2s+1

G(s?+s)=2s+1

__ 2s5+1 2s5+1

a (52+s) - s(s+1)

2s +1
s2+3s+1

2s +1
s(s+1)
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