Mathematical Modeling

Mathematical modeling is simply finding the transfer function between the
input and the output of the physical system. In addition, it is an
approximate representation of the physical system.

Remark: Transfer function is only used for linear time-invariant system.
It's also called LTI system.

Linear system is a system having a principle of superposition. Real systems
are nonlinear and difficult to deal with mathematically, so we will linearize
them to be easy for designing and controlling.

Time-invariant system 1is a system that does not change with time. For
example, you push a box with a mass (m), its mass will not change with
time.

Time-varying system is a system that change with time. For example, a car
with a mass (m) will lose its mass after long time by decreasing the fuel.

All modeling examples in this course are LTI system, and we will learn
later how to deal with nonlinear system.

Types of system that will be covered in this course:

R

Mechanical Electrical system Electromechanical

i (Ohm's and Kirchhoff Sl
(Newton's Law) Laws) DC motor

Translational

ZF=ma

Rotational

ZT=]6¥




Systems Elements and their equations:

Translational Mechanical System

mass spring damper
Element f(t) k b
> m X 4——\/\/\/\/‘-—>x= | X
e . d2 — dx
Diff-equation F6)=m d_t); f(@) =kx fO) =b—

By Laplace F(s) = Ms?X F(s) = KX F(s) = BsX

Rotational Mechanical System

inertia spring friction
Element 0 T k [ b l
R | | | R
Diff-equation _d?e 7(0) = kO _ ., de
T(Q) _]W T(B) =b dt
By Laplace T(8) = Js?0 T(6) = KO T(8) = Bs@
Electrical System
resistor inductor Capacitor
Element R (1) L i G
—-‘\.,ﬁ.f.,','\vr—» J‘V‘Y‘V’\L), _| I——>
Diff- ti =i di t1
iff-equation v(t) = iR o(e) = L2 o(t) = if 2
dt o C
= = I
By Laplace V(s) =IR V(s) = LsI V(s) = —

Remarks on systems elements:

1- For the mechanical systems, the forces of spring and damper
always act in the opposite direction of the input force.

2- The number of equations in mechanical system depends on the
number of masses.

3- If the system has more than one equation, we may use the block
diagram instead of solving them.

4- All of the differential equations above assumed to be without initial
conditions (ICs = zero).



Example: Modeling of translational mechanical system (mass only) with
zero ICs:

B (1)

Solution: The force f(t) is the input , and the distance x(t) is the output

Using Newton's Law: )}, F = ma
d2
f(t) = md_t);
£- F(s) = M(s*X + sy(0) + y'(0))
F(s) = Ms*X
_ F(®)
"~ Ms?
Transfer function is —ePet — X () _ 1
input F(s) Ms?

F(s) [ 1 X(s)
_— > Ms2 EEE——

Example: Modeling of translational mechanical system (mass-spring-

damper) with zero ICs: dx
//////,j/_f/ ""T T b
K B
P :
M TS
| ; |
f(t) X(t) fov
Free body diagram

Solution: (t) is the input, and x(t) is the output.
Using Newton's Law: ), F = ma

dx d?x
f(t)—bz—kx =mF
L - F(s) — BsX — KX = Ms*X
X(Ms?+ Bs +K) =F(s)
_ ___F®)
"~ Ms2+Bs+K
output  X(s) _ 1

Transfer function is — = =
input F(s)  Ms?+Bs+K

F(s) 1 X(s)
Ms2+Bs+K




Example: Modeling of Accelerometer (two masses-spring-damper)
system, assume the force f(t) is a unit input and zero ICs.
Also we want to know how y(t) will move.
:——»m =Car position

: . Accelerometer
t o ‘

¥ b Y /Case

k.
WWWAH M
spring b ‘

Jet engine

Levitated test sled M

Solution: The force f(t) is the input, and distance y(t) is the output.
First, we will draw the free body diagram for each mass:

dy
k b—
YF =ma YF =ma
oy @ CLdy (R dx
f(&) = M; de? bzdt y=M (alt2 N dtzz)
_ 1. ay 4y — &=
f@) = 1 Mdt2+bdt+ky_ Mdtz
L  -=Ms*X Ms?Y + BsY + KY = —Ms?X
S
X=—= Equl Y(Ms? + Bs + K) = —Ms?X
’ _ —Ms%x
"~ Ms2+Bs+K
Taking M a common factor:
. -Ms?X  —s?X
B M(sz+%s+%) B sz+%s+ﬁ

Substituting Equ 1 in Equ 2 :

el

Mgs3 " Mgs -1 )

Y = 2 BS K — 5 BS K — > B K Transfer Function
S +MS+M S +MS+M MSS(S +MS+M)

If we want to know how y(t) moves, we must find y(t). That means
solving the ODE.

z Equ?2



B
Suppose that: he 3,

Y = =
s(s?2+3s+2) s(s+1)(s+2)
Using partial fraction we find:

1 1 1
i S R ICES)
Lo y(t) = —1+e_t—le_2t
0 . 2z

DAr 1

S

Amplitude

0 2 4 6 8 10 Gme s



Example: Modeling of automobile suspension system (two masses-
spring-damper) system.

automobile { m | ;.
J_ x1(t)
suspension { K1% L|'I B
wheel { M2 ;2(,()
tire { ft % K2
W/

Solution: (t) is the input, and we choose x;(t) to be the output.
I- For the mass M; :

M,

T |

kq(x1 —x3) b(ﬂ_@)

dt dt

YF =ma
2

L- —K (X, —X,) —Bs(X; — X;) = M;s°X,

—K; X, + K;X, — BsX; + BsX, = M;s*X,

X;(M;s* + Bs + K;) = X,(Bs + K;)

_ (Bs+K;)
X1 = M, s2+Bs+K; X, Equli
Xl _ BS+K1

X,  Mys2+Bs+K;

Transfer function for M; :

2- For tha mass M :

ki(xa —=x1) b (% - %)

]

M,

l |

f() kyx,




YF =ma
d?x,

d d
F8) = kaxty — b (T2 = Z2) — ey (= 21) = My %

L F(S) - K)X, — BS(XZ - X1) - K1(X2 _X1) = M252X2
F(S) - K2X2 —_ BSXZ + BSX]_ - K]_XZ + k]_X]_ == MZSZXZ
X,(Mys?+ Bs+ K, + K,) = F(s) + X;(Bs + K;)

1 BS+K1
XZ - F(S) + > X]_ Equ 2
M,s?+Bs+K,+K, M,5%2+Bs+K;+K,

Looking at Equ 1 and 2 , we see that it is difficult to solve. So we
will use the block diagram:

(Bs+K;)

1- Block diagram for Equ 1: X; = M2 iBs ik, A2
X; R (Bs + K;) X -
| Mys?+Bs+K, :
2- Block Diagram for Equ 2:
Bs+K
X, = — F(s) + ———1
M,s2+Bs+K,+K, M,s2+Bs+K{+K,
F(s) 1 X
N Ly :
M,s? + Bs + K; + K,
Xl Bs + K1 T
_—
M,s? + Bs + K; + K,

~ By adding the two diagrams, the block diagram for the system

1S:

F(s) 1 . X, Bs + K, X,
: _>
M,s? + Bs + K; + K, + M;s? + Bs + K;

Bs + K, X
M,s?2 + Bs + K; + K,

A




Example: Rotational mechanical system: Torsional Pendulum (inertia-
friction-rotational spring):

L

Solution: The input is a torque 7(t), and the output is 8(t).

K

d?e
LT = dt; 6
d d
T(t)—ba—kg _]F

L T(s)—Bsd — K6 = Js*6
0(Js? + Bs + K) = T(s)

T(s)
"~ Js24+Bs+K
L. B(s) _ 1
Transfer function: T(s)  Js2+Bs+K
T(s) 1 6(s)
. —
Js?2+Bs+K

Example: Rotational mechanical system: Rigid satellite (inertia only):

(t)

() \
\ '/ Thrustor

Solution: The input is a torque 7(t), and the output is 0(t).

dz6

Yr=)%s

dt?
d2e

() =]—

dt?

L-  T(s) =Js0
_T®)
=

e _ 1
Transfer function. TG)  Js?
T(s) | 1 | 60
Js?




Example: Electrical system (RC circuit):

i(t) 1
vi(t) %Rz v2(t)
T C

Solution: v1(t) 1s the input, and v2(t) is the output:
Using Kirchhoff voltage law: ), v in the loop = 0
Ul(t) - le + URZ + Uc
v1(t) = iRy + iR, + ifot%dt
I
L V1(s) = IR, + IR, + " The input
S

v2(t) = iRy +i f < dt

I
L V2(s) = IR, + - The output
S
I 1
o ) output V2 IR+ I(Ry+20)
Transfer function: — = —= 77— = T
input V1 IR1+IRz+5 I(R1+R2+2)
1 RpsC+1
— R2+SC — sC
- 1 ™ (R1+R3p)sC+1
Ri+Rptyp SRSt
R,sC+1

"~ (R{+Ry)sC+1



Example: Electrical system(RC circuit):
If the input v1=10, find the steady state value of output v2 .

LT

b1 ¢ Rz 12
l 1

Solution: The input is vl = 10, and the output is v2 at steady state.
At steady state, the capacitor will be an open circuit, so
no current will pass through it.

v1 = iR, + iR,

L V1 =1IR{+ IR, The input.
v2 = iR,

L V2 = IR, The output.

. V2 IR, IR, R,
Transfer function: — = = =
Vi IR{+IR, I(R{+R;) R +R,

Buzv1=1o,£—>v1=%

V2 R,
? Ri+R,
10R
V2 = el
S(R1+R3)

Steady state means t — o . To find the steady state value of output V2
we will use the final value theorem:

lim v2(t) = lim sV2 = li 10,
fim v2(0) = lim sv2 = lim o~y

_ 10R,
(R1+R3)




Modeling of DC motor ( Electromechanical system ):

DC Motor is an actuator converting electrical energy into rotational
mechanical energy.

Advantages:
I- High torque.
2- Speed controllability.
3- Portability.

Applications:
I- Robot
2- Tape drivers
3- Printers
4- Machine tool industries
5- Radar tracking system

How does it work?

When electric current
passes through a coil in
a magnetic field, the
magnetic force
produces a torque
which turns the
DC motor

Magnetic force

F=ILB
acts perpendicular
to both wing and
magnetic field

Electric
current supplied I
externally through *-I
a commutator




Example: Modeling of Electromechanical system: DC motor:
M em.(f-) P;&;I

ca(t) frb(t)‘o,\; ) Jm )TL(‘)

Input Tm(t) Lol

o IV N >
~" "

Armature circuit Mechanical load

Where: e,: applied voltage ep: back EMF voltage
T,,,:torque of mechanical load.
T}, :disturbance torque.
w : angular velocity.  8: angular position.

And the connection between two systems are:

Tm:Kl'i
eb=Kb(,U
w=20' Lo Q=0s —g="1

s
Solution: 1- For the electrical system:

Input is the voltage (e, — ep), and output is current .
. di
e, =IR+L d—; + e

L E,—E, =1IR+ Lsl
IR+Ls)=E,—E, - I=

I(s) 1

Eg—E,  R+Ls

1
R+Ls

(Eq — Ep) Equl

Transfer function:

2- For the mechanical system:
Input is torque (t); — T;), output is angular velocity w.
Y1r=Juo w' is the same of the acceleration 6"’
Ty — T, — bw = Jo'
L Ty —T, —BQ = ]sQ
Q(Js+B)=Ty—-T, - Q

Qs) 1
(Ty—-T,)  Js+B

1
"~ Js+B

(TM - TL) qu/l 2

Transfer function:



After finding the transfer function for both systems, now we will make
the block diagram for the DC motor.
1- Block diagram for electrical system:

E, 1
—(O— !

_ R+ Ls

v

Ey

2- From the connecting equation: T, = K;i , if the current [ is
multiplied by K; will give us the torque T),:

E 1 T,
—a>O—> ! K; -

— R+ Ls

Ey

3- Block diagram of mechanical system can be connected now with
the previous one:
TLl
1

E, Ty Q
—(O—> 1 L, K; L b
— R+ Ls Js+B

Ey
4- From the connecting equation: e, = K, w:
TLl
E, 1 Ty 1 Q
—>O—> —>I K; LN >
_ R+ Ls Js+B

E
b K, |«
. : Q
5- From the connecting equation after Laplace transform: 6 = 7
Ty,

E 1 Ty . 1 Q 1| 6
—a>O—> AN K; LN - |—
— R+ Ls Js+B s

Ey




Linearization and Modeling of Nonlinear System:

To linearize a nonlinear system we use the first two terms of Taylor
series:

Linearization around a point x = « :
y() = y(a) +y'(a)(x — a)

Example: Linearize these functions:
1- y(x) = x3 around x =2
2- y(x) = sin2x  around x = 60
Solution.:
1- y(2) =23=8
y'(x) =3x* - y'(2)=3(2)*=12
y(x) = 8+ 12(x — 2)
~ 12x — 16

2 y(60) = sin120 =
y'(x) = ZCOSZx — y'(60) = 2c0s120 = -1
= y(x) = ——1(x — 60)
—x + 60.87

Example: Linearization of nonlinear spring:

////%////
=

M —=f(t) —- kx Find the transfer function.
Solution: we must hnearlze x around X =a.
By Taylor series: x3 = a3 + 3a2(x — a)
The linearized function: M — = f(t) — —ka —ka?(x — a)
%(_/ .
f(@® x(t)
hadiiad F — 22
M dtz ~ f(t) —ka“x(t)
L Ms?X = F(s) — Ka’X(s) - X(Ms*+ Ka?) = F(s)

. . X(s) 1
Transfer function : == =
S F(s) Ms2+Ka?




