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CHAPTER OUTLINE
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v’ Center of Mass & Centroids

v' Composite Bodies and Figures; Approximations
v’ Beams - External & Internal Effects

v’ Shear-Force (S.ED.) & Bending-Moment
(B.M.D.) Diagrams



Introduction

v' Actually, “concentrated” forces do not exist in the exact sense, since
every external force applied mechanically to a body is distributed
over a finite contact area, however small.

v" In these examples we may treat the forces as concentrated when
analyzing their external effects on bodies as a whole.

Enlarged view
of contact
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Types of Distributed Forces

a) Line Distribution: When a force is distributed along a line, the intensity w of

the loading is expressed as force per unit length of line, newtons per meter (N
/m) or pounds per foot (Ib/ft).

b) Area Distribution: When a force is distributed over an area: the intensity is
expressed as force per unit area. The basic unit for pressure or stress in SI is the
newton per square meter (N /m?), which is also called the Pascal (Pa).

¢) Volume Distribution: A force which is distributed over the volume of a
body is called a body force, e.g. the force of gravitational attraction. The
intensity of gravitational force is the specific weight g, where 1s the density
(mass per unit volume) and g is the acceleration due to gravity. The units for g

are (kg/m3)(m/s?) = N/m3. In SI units and Ib/ft3 or Ib/in3 in the U.S.
customary system. o
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Centers of Mass & Centroids

Center of Mass:

Experimental Method

A] A :B B I
\| N 1C
' Y

G: The center of gravity of the body.
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Mathematical Method




Centroids of Common Shapes of Lines

Shape
Quarter-circular
arc
Semicircular
arc
5 /'\
Arc of circle \ » f Z .
— - r Sln a 2 a r
O "= j a o




Centroids of Common Shapes of Areas

Shape X y Area
g h bh
Triangular area ‘—7/‘ C| T o

I d ,i_.//_..fJ 3 2
N

Quarter-circular e /+\ 4r 4r 1Tr_2

a0 o _ A e AN =0 0 8
g |7 1 4 :

Semicircular f)j/‘ L 0| 0 4r T °
area 31T 2

Quarter-elliptical 4a 4b mab
area - ] 31 3m 4

A - b
0 {C | \ : J - * :

Semi-elliptical | —| ¥ |- Olesa — 0 4b Tab

area 3T )




Centroids of Common Shapes of Areas

Shape X Yy Area
Semi-parabolic l-_ a _.| 3a 3h 2ah
area — - | + 8 5 3
AT |
e ! _‘_
parabolic ”! . 2 |y Bl 3h 4ah
area T 5 3
Parabolic 3a 3h ah
spandrel 4 10 3

General
spandrel

n+1
a

n+2

n+1
4n+2




Centroids of Common Shapes of Areas

Shape X y Area

/ r

Circular sector __\/_(\ 2rsin & 0 ar 2

0 \&‘c\) 3a
X




Composite Bodies and Figures

An Approximation Method

“Irregular Lines; Wire; Slender Rod; Segment” - Center — Formula:
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Composite Bodies and Figures

An Approximation Method

Irregular Mass-Center — Formula:
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Composite Bodies and Figures

An Approximation Method

“Irregular Areas” - Center — Formula:
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Composite Bodies and Figures

An Approximation Method

“Irregular Volume” - Center — Formula:

X
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Exercise — 1

Locate the mass center of the slender rod bent into the shape shown.

)

300 mm

—

Solution - Exercise — 1

__xLx,
Part L (mm) X (mm) Y (mm) X = SL
1
2 _ XLy,
y —
»L o
Llz
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Exercise — 2

Locate the centroid of the wire shown.

&




Solution - Exercise — 2

r =60 mm
Segment L X (mm) y (mm)
(mm)
1 188.5 -38.2
2 40 20
3 20 40
Sum 248.5

%%l

L1310

=

~|

= ——=45.5mm
2L 2485
T S
2 vL —=3600 .
T = — = =22.5mm
2L 248.5
> zZL =200 s
= =—0.80>mm
2L 2485
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Exercise — 3

y
Determine the coordinates of the centroid |
: | 600
of the trapezoidal area shown. | mm
600
mm
300
Solution - Exercise — 3 mm
Part A X y x.A y.A
(mm?) | (mm) | (mm) | (mMmm3) (mm3) Y Ax,
X =
YA
1
2 5 = 2. Ay,
=5
ZA Sum =




Exercise — 4

Locate the centroid of the shaded area.

12!." i
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Solution - Exercise — 4

JIJ
| 12" =

\ *

e

i

\ +

: il

3" "

AT N E

|ﬁ AT

ZA= Al +A2—A3—A4

A x y xA yA
PART in.2 n. n. in.? in.?
1 120 6 b 720 600
2 30 14 10/3 420 100
2 —14.14 6 1.273 —84.8 —18
4 —8 12 4 —96 —32
TOTALS 127.9 959 650
The area counterparts to Eqgs. 5/7 are now applied and yield
+  LAX v _ 959  ___.
X = A X = 1979 7.50 in. Ans.
- _ XAy - _ 650
¥=-" Y = — 5.08 in. Ans.
YA 127.9 n *
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Exercise — 5

Determine the height (y) above the base of the centroid of the
cross-sectional area of the beam. Neglect the fillets.

6.24”
1 1(
1.40” B ,, oy
13.71” 0.87
1.40”
jf_




Solution - Exercise — 5

o4 |,
%_| 1].40

9" _|l.o8"

ol
e 1248

iT t.@"f

Comp. A %) _Lg_(m) AG (n)

0 (12.48)(1.49) 2 12.23

@ (10.9) (0.37) 4+ 20 | g5

® (24149 1403wt 113.7
ZA= 357 Eﬂb 191.0

Y = E.Ezj— = 5.35in.
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Beams - External Effects

Types of Beams

!

w : Q)
Simple
Cantilever
w U _ Q)
Combination

Statically determinate beams

Y ¥

LA @) Q)

Continuous

#

End-supported cantilever

l

I+ I

Fixed

Statically indeterminate beams

22



Types of Distributed Loads

fN/( ’__5\

o —— —X
L\ D "~ 0O
A B
rR=1uwL
< L/2—1 2
:R_wL
|
|
SRRR v

A1 2 17 N

! 'ﬁ',r E I!?////
| dR = wdx
| T |
| Y Y Y
|
- e g
I v [

wadx
szwdx =

R

R, = L (wy—w1)L
- 9L/3——1 2
R]_ = LU]_L :

u
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Exercise — 1

Determine the equivalent concentrated load (s) and external
reactions for the simply supported beam which 1s subjected to the
distributed load shown.

4! 6’ 4)"
280 Ib/ft
120 lbﬁ’tI YYYYYYYYY ' B
—




Solution - Exercise — 1

%(160) 6)=4801b

D ép//wl;fzao Tb/ft
120 T/t 120 Th/ft
A ‘If B

(120) (10) = 1200 1b

1200 lb 480 Ib

v vy

A B

R, Rp

XM, = 0]  1200(5) + 480(8) — Rp(10) = 0
Rp=9841b

[SMp =0]  R,(10) — 1200(5) — 480(2) = 0
R, = 696 1b

Ans.

Ans.
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Exercise — 2

Determine the reactions at A and B for the beam subjected to the
uniform load distribution.

4 kN/m

TN

A B

}—:—30{} mm s 500 mm : !




ZMA:O

—2%(0.250+ 0.300) + B, 0.800 =0

B,=1.375kN

S F =0

A=

X
> Fy=0
A, + B,-R=0
A, =2-1.375

A, = 0.625 kN

R= wL=4*0.5=2kN

|




Exercise — 3

Determine the reactions at A and B for the beam subjected to the
uniform load distribution.

————te
|

—X 160 1b/ft




5095 | =4 pe— %
-L(lco}(s);‘l/ 2. '&gy, L (10)(#) 1b
Y

I
S = J
I

S Lﬂx Tﬁﬂ st 4"‘
3 re— 5 f— 4

BT My =0 240(1)— 300(2.5)— 2320 (6.33)
+ By (5)=0

= 1871 b
erj =0 : Aj +757- 240— 800 —320 =0
Ay = 603 ik

ZFX:O = ﬁx"
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Exercise — 4

Determine the reactions at A for the cantilever beam subjected to
the distributed and concentrated loads.

2 kN |

, |
\4k\/m \l .
1 ! l NS 7

Al |

- 3m m=— 1.0 M “=t=<— 1.0 m —
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5097

1Y
|

M ELL
"
Ay I (O R R Y

f_ +==r—%X
‘__+__.-|
j 3m LSm | 1.5m

R= 2@)H)= 6 kN @ X = F(3) = Zm
>Ma=0: Mp —6(2) =2(4.5)=9, Mpa= 21 kN'm
'ZF\J =0 Ay-b-2=0, i\L=8 kN
EFy =0 Ay =0
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Exercise — 5

Find the reaction at A due to the uniform loading and the applied
couple.

2 kN/m

e

32



ZMA:O

M 4+ 6*1.5-12=0

MA= 3 kN.m

R= wL=2*3=6kN

33



Exercise — 6

Calculate the support reactions at A and B for the loaded beam.

Yy
I
|
I

wq Wwo
Le |
A __ OB
L z ’l* 21

3
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Solution - Exercise — 6

2L

L
TEel) 2@ L
Wa Wo i

A A 21 A
Iﬁ-q-—_‘g_A-rl-H_g.-—h— BJ
J
i EMa=o:-()- (- F)
5

3

ZzFy=o: Ay T T Wol - Yol _ Mol

25
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Exercise — 7

Calculate the support reactions at A and B for the beam subjected to
the two linearly varying load distributions.

4 kN/m

Al B

‘4-—4111 : 6 m

36



Solution - Exercise — 7

R, =4#)= I kN R,= L(R)4)= 4 kN

Ra= 5 (4)(¢)= IRKN, Ra= 2()= IZKN

DX M =0 16() + 4(F4)+ 2(4r&0)
+12 (443) - 1oRg =0 Rg= 1937 kN

HTF=0: Ra+1187- (164 4+12+12)=0
RH: 24| kN
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Beams - Internal Effects

Shear, Bending, & Torsion

ol

V M
\'%
+ Combined loading
C Shear
14 M :j = : ; G\
Shear Bending M Torsion T

ﬁ *2,43—— I ?

38




Shear-Force (S.F.D) & Bending-Moment (B.M.D.) Diagrams

Steps in the determination of the Shear and Moment Relations:

1.

Establish the values of all External Reactions on the beam by applying
the equations of equilibrium to a firee-body diagram of the beam as a
whole.

Next, we isolate a portion of the beam, either to the right or to the left
of an arbitrary transverse section, with a free-body diagram, and apply
the equations of equilibrium to this isolated portion of the beam.

We should avoid using a transverse section which coincides with the
location of a concentrated load or couple, as such a position
represents a point of discontinuity in the variation of shear or bending
moment.

Finally, 1t is important to note that the calculations for V and M on each
section chosen should be consistent with the positive convention.




Exercise — 1

Determine the shear and moment distributions produced 1n the simple
beam by the 4-kN concentrated load. 4kN

| 6 m l 4 m

40



Solution - Exercise — 1

ﬂ_l = Lﬁ-kNi ,R.Jg — BL‘ikNi

#A section of the beam of length x 15 next 1solated with its free-body diagram
on which we show the shear V and the bending moment M in their positive direc-
tions. Equilibriim gives)

V=16kN

[P, = 0] 16— V=10

[EM}, = O] M—-16x=0 M= 16x
These values of ¥ and M apply to all sections of the beam to the left of the 4-kN
load.

A section of the heam to the right of the 4-kN load is next isolated with its
free-body diagram on which V and M are shown in their positive directions.
Equilibrium requires
V=—-24kN

[SF, = 0] V+24=0

(XM = 0] —(24)00 -x)+ M =0 M= 24010 —x)

'These results apply only to sections of the beam to the right of the 4<kIN load.

The values of V and M are plotted as shown. The maximum bending mo-
ment oceurs where the shear changes direction. As we move in the positive
x-direction starting with x = 0, we see that the moment M is merely the
accumulated area under the shear diagram.

R;=16kN R,=24kN
¥ Vv
|
F ) & ;
x ? 10 —x
. Y
1.6 kN 2.4 kN
V, kN
: | |
| | |
1.5. |
|
0] !_x,m
0 6 ll{]
|
| 00 |24
M, kN-m |




Exercise — 2

Draw the shear and moment diagrams for the loaded beam and
determine the distance “d” to the right of 4 where the moment
IS zero.

42
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Solution - Exercise — 2
P2 Mg=0: 4(2)+ 2{#.)— 4Rg=0 4 kN 2 kN
Rg= 5 kN qul Zm | 2m ¥
2 F=0: Ra+5-C=0 Ra | Iﬂﬁ
Ra = L kN V}ku
............................................................................................................... |
M : | | 2
P 0<K< Rm :i__llrj LI_I_""‘_ o _|
P A= | kNy M= Ax 1kl i 7
.............................................................................................................. M] KN*m
L = -3
............................................................................................................... |
2<x<4m 4 kn H. e N
V=-3 kN . LD = — d !t
i I =k
¥+ T Mp=zo; --‘fs'+3»:.t+w'.,=uJ M= 8-3y 1kNT X v ,,:'
4<x2bm ) M=0 (Range: 2<x<4)
V= 2kN v RN \
M(r$ i’ ?\\
x o T M=0- x=d=8/3=2.67 m




Exercise — 3

Draw the shear and moment diagrams for the loaded cantilever beam.
State the value of the bending moment at midbeam.

P
L &
2 2

44



Solution - Exercise — 3

(F L Ma=0: Mp +F5+P0= ©
F
M(“ vz |" ke | Ma=-% PL
0<x< Yz
M +{ZF=0 = V=2P
—(F’D @EM 0t 2P +M-2F =0

M= 2f - > P

Me Y=z l«P 'l)M %,_—-:6({[5:

i AEF=0: 2p-P-V=0 V=P
2
v NN PELE 11.==']I_ T’E-PMMn

v t\1-' _?(Q"ﬁ)

|
2F —————

I

O S

M

|

e o e s ey



Exercise — 4

Draw the shear and moment diagrams for the uniformly loaded
beam and find the maximum bending moment M,,, ;.

2 kN/m

. ¥ .Y k1S
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Solution - Exercise — 4

F : 2X10 = 20 KA
';;if : I'L:.J?_ a ‘“ffr Ko/

;Z_'G:L ‘?

‘r-‘k’__ -4 4 o -
e el
{ I/ = '.-*f-i'?frf




Exercise — 5

Draw the shear and moment diagrams for the loaded beam and
determine the maximum value M,,,,,, of the moment.

300 Ib/ft

48



Solution - Exercise — 5

soikffe By sgumetny,
Ra=Re= £(300)(4)- 600 1b

S
Ra t 4/ | 4/ | 4 [Rs
M 0=x<4ft
JElj V=600 1k, M= 600x
600 b iiﬂﬁ(x-u) A< x<%ft:
4' |y M AZF=0" 600 - 300(%-#)-V = 0
l‘j N= [800- 300 %
60O W] X v GEIM= M *3%(@:-4) ifzh_
¥ 1% ~leep R =0, M = -150"+ 18004 — 2440
600
& B i ___F:" Mmﬁl}
i %“"3ﬂﬂm+\zoa=c
N x=6 ft
M, le-Ft M= - 150(6 )+ 1800(c)- 2400

= 3000 Ib-Ft

49



Exercise — 6

Plot the shear and moment diagrams for the beam loaded with both the
distributed and point loads. What are the values of the shear and
moment at x = 6 m ? Determine the maximum bending moment M,

1500 N
800 N/m
— X
nun
Al e B
S Il 1B
L—2m>L3mJ42mﬁ—-<—2m+

50



Solution - Exercise — 6

R=800(3)=2400 N
IS00N  S"M,=0: Rﬁ(ﬁ)-l}:’mnﬁ)

|
goo N r—
vy V¥ v 2408(3.5)=0, Rg=2100N
ﬁﬁj"::.\ fi, ii ikﬁs T F =0 Ra- 2440-1508 1 2106=0
Ra= 1900 N

X Q<K<2wm:

b.:&ym SF=z0= V=|%a1N
Ll '800(%2) T M=q > M= 138K

Zm ? M 2<K<bm:.

L x &1) > F=0:1%00 —‘Eﬁa@,—i)"a‘:o
(300 N V= 3Hoe- foox

>M=0 " h’[f'ﬂﬂﬂ(’}(—l) % - [804=0
ISO0 N M=z-uoex 43400 — 1600

v
M(T Am By
T 1 SF=0: 2100- 1500 4= 0

=100 N

Ca

N=—600 N
>M=0:-M~I5680 (’i-a)moo(fl-y}
=0, M= T4 — 600 &

-
H( |:] T<n<9 m:

I5 =F=0 > W =-Ri00 N .
AN "M =a = M= |8 oo~ Rldox

51



Solution - Exercise — 6

At %= L m:
\V= —boo N

T M M= B3RO0~ 600 (b)
= HE00 N'm

;5:1 (— 400 & 3400% -i!-m)

= -§00% + 3400 =0

Xy ™M
XY= Hi258 m

™ 400 (4,25) "4 2408 (4.25)- oo = 5620 Nm

52



Exercise — 7

Draw the shear-force and bending-moment diagrams for the loaded
beam and determine the maximum moment M,, ., and its location x
from the left end.

100 Ib/ft

Uy

i

Lﬁ‘lf = 4’ <2 ! 2" =

53



Solution - Exercise — 7

-9 100 Ib/ft

Interval: 0 < x < 4 ft. 12.5x . : 300 Ib

[SF, = 0] V=247 — 125 M/ 1100 ; (TT »f

IEM = 0]

M + Llf?ﬁrz) x 24Tx = 0 M= 24Tx — 4.17x3 1
3 247 1b

(x-4) ) I 300 Ib
Interval: 4 < x < 8 ft. 200 1b | ™ _4_1._4 : g | \
J/l R i | [ Y |
Y S

[ZF, =0] ¥V + 100(x — 4) + 200 — 247 = 0 Y IN\m ‘
| x P TRI =2471b TRZ =653 1b
V=447 — 100x T
‘ 14 V,1b |
247 Ib | |
[EM = 0] M + 100k — 4) " %+ 2000 — £4)] — 247x = 0 24?\ =
2 | | |
M = —267 + 447x — 50x v 300l DOL . s 1"
< 4.47 — I |
Interval: 8 < x < 10 ft. 12-x mail | |
M, 1b-ft : R
V=-3531b and M = 2930 — 353« y “\ 82— |
| |
Interval: 8 < x < 10 ft. 0/\ L
653 1b 0 4 8\\ [10/12 i
V=300 Ib, and the moment M follows a straight-line relation beginning with zero at the \/

right end of the beam. M,,,,,= 732 Ib.ft @ x = 4.47 ft. -600



