Differential Equations

MATH 222
L4

First Semester for Second Year

College of Science and Computer Engineering
Taibah University
Yanbu
Saudi Arabian .

1442- 1443
Dr. Essam Othman Abdel-Rahman

=

Dr. Essam Othman Abdel-Rahman Faculty of Science and Computer Engineering © 2021 ‘1 "



Differential Equations warh 222

Homogeneous Equations

d
Equation d_)yc = f(x,y) is homogeneous from degree n if

fex,y)=1"f (x,)

f(x, y)z x° —=3xy+5y°
flex,y)=(ec) = 3(ex Ney)+5(ey )

=t2(x2 —3xy+5y2)=t2 f(x,y)

This equation homogeneous from degree two

Solution:
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Homogeneous Equations

Example

2
f(x,y):x+y2 +1
y X

. . 2
Solution: f(tx,ly)= Ix N (2y) 41

ty  (tx)°
2
:x+y2+1
y X

=’ f(x, y)

This equation homogeneous from degree zero
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Homogeneous Equations

Example
f(x, y)z]nx—lny+1
—In>+1
Solution: Y

X

flex,ty)=In—+1
()i

—InX+1
y

=1"f(x;y)

This equation homogeneous from degree zero

Dr. Essam Othman Abdel-Rahman Faculty of Science and Computer Engineering © 2021

How ™



Differential Equations warh 222 e

Homogeneous Equations

Example

flxy)=2xy+1

flex,1y)=@0)(ty) +1
=1 xy +1# tz(xy +1): £ xy+t°

This equation nonhomogeneous

Solution:

f(x, y) = xy2 + y nonhomogeneous

/
f(x, y) — ey . homogeneous from degree zero
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Homogeneous Equations

Example. Show that differential equation  xydy = (x2 + yz)dx
is homogenous differential equation.

dy x4y’
Solution: e - Xy

Differential equation is homogeneous
x°+y°

£l y)=

XY
257 4122 t” (x2+y2) X +y°
f(txal}’): > = 2 = :f(x’y)

”xy I xy Xy

—> Differential equation is homogeneous
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Homogeneous Equations

METHOD for solving Homogenous differential equations

Substitute y = ux

dy du
—— = U+ X—
dx dx
dy = udx + xdu
OR
Substitute x=vy
dx dv
dy dy

dx = vdy + ydv
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Homogeneous Equations
Note. Selection of substitution Differential Equation depends on

number of terms of coefficients M(x, y) and N(x, y)
1. If (1+2+3)dx+(1)dy:0, then take Y = UX
2. If ldx+(1+2+3)dy =0 thentake A=VY

3. |If (1+2)dx+(1+2)dy=0, then take X=Vy or y=ux
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Homogeneous Equations

(1/3)
Using substitution the homogeneous differential equation
is reduce to separable variable form.
Example: Solve the homogenous differential equation
2 2
dy x"+y
dx Xy
Solution:
Rewriting in the form :M(x, y)d_x + N(x, y)dy = ()
2 2
(x +y )dx—xydy =0
substitwte  y = yux and dy = udx + xdu
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Homogeneous Equations —

(x2 + x2u’ Jdx — ux® (udx + xdu) = 0
x*dx+x’udx—u’x"dx—ux’du =0
x“dx —ux’du =0
x’dx = ux’du
x”dx

3
X
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Homogeneous Equations

(3/3)
dx -
— = udu is variable separable form
X
dx
— = I udx
X 2
u
hl‘X‘ = 7 + C
2
L[y . |
ln‘x‘ — ~ [tc¢ is general solution.
2\ x |
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Homogeneous Equations

Example:. Solve the Differential Equation by using appropriate substitution

(y2+xy+x2)a’x—x2dy=() (172)

Solution: Differential equation is homogeneous as degree of each term is same,
hence we can use either y = ux or x = vy as substitution

Let y=ux
dy = udx + xdu
Substituting y and dy in the given equation
(u2x2 +ux® + x° )dx—xz(udx+ xdu) = o

wox*dx +ux’de+ x*dx — x’udx — x>du = o

2 2 2 3
uxdx+xde—xdu=o

x* (u2 + l)dx = xdu
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Homogeneous Equations

. . (2/2)
Separating variable u and x
dx du
— = 14 > is Separable form
X u

Integrating both the sides

x J.1+u

Inlxl=tanu + ¢

In|x| = tan™ (lj + c.

X

is general solution of the differential equation 2)

Pa ng
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Homogeneous Equations

Example: Show that differential equation
dy ) ) (1/2)
3xy d_ =4x~+9y is homogeneous
X
Solution:
2 2
3xydy —(4x +9Oy )dx =o
y=ux, dy=udx+ xdv

3x.ux(udx + xdu) — (4)62 +9u’x? )dx =5

3x?uldx + 3ux’du — 4x*dx —Qu’x*dx = o

Bux du = dx*dx + 6u’x*dx = x* (4 +6u° )dx
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Homogeneous Equations

3udu _ dx is Separable form (2/2)
4+6u> x
Integrating both the sides
J- 3udu _ dx
4+ 6u’ X let z=4+6u’
1 %: dx dz =12udu
49 z X
1
—In z‘ = ln‘x‘ +c
4
4 2
lln 4+6y—2 =ln‘x‘+c.
4 \ X

is general solution of the differential equation %)
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Homogeneous Equations (1/3)

Example:5. Solve the differential equation

dy N 3xy 4+ 7
dx x> +xy

= o

Solution: Ditferential equation 1s homogeneous
(::c:2 + xy)dy + (3xy+ y2 )dx =5

[Note: We may take y = ux or x = vy as substitution]

Let x=vy dx = vdy + ydv

(237 +vp? Jy + (Bvy? + 37 vy + yav) =

vyt v wpidy +3viyidy + 3wy dv+ vivdy + yldv =

2vyidy + v yidy = —y° (3v + l)a'v
(Zv + 4v° )yzdy =—v'(3v+1)dv

dv _ 3v+l1
v B 2v(2v+1)

dy 3v+1
_-[ ¥ _JZv(2v+1 v

1s variable separable form
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EXERCISES

Show that differential equation is homogenous differential equation.

d
M) dy+(x*+xy+y* x=0 2 2-2icosh?
dx x X

Using substitution the homogeneous differential equation is reduce to

separable variable form.

1) 2x°y dx—(3x3+y3)dy:O
(2) (y2 +xy+x2)a’x—x2dy:0
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