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Bernoulli’s Equation

A Bernoulli equation is a differential equation of the form:

% rp(x)y=0(x)y" (1) nex\{o.1}

Note that for n=0 and n=1, equation (1) is linear
This is solved by:

Divide both sides by y” and using following substitute :

W= yl—n

4 (2)
dw L, dy
—={0-n)y™" —

L dx ( )y dx

We have :

%fi—w + p(x)w=Q0(x) This is linear differential equation:

—n ax
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Bernoulli’s Equation

(1 of 2)
Example(1): Solving a Bernoulli DE
dy 2.2
— 4 —
xdx y Xy

We first rewrite the equation as

4l =xYy by dividing by x

We then substitute
w=y or y=w"'

dy dydw — ,dw

N —W " — Chain Rule
dx dw dx dx
into the given equation
Ldw w! = dw w
— W + =X W — ——— =—X
dx X dx Xx
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Bernoulli’s Equation

(2 of 2)
dw w
A
dx Xx
The integrating factor for this linear equation is
1 —fldx . .1
p(x) ——— = ,Ll(X) —e ¥ = e—lmx — elmx _ x—l
X
Then
x aw _ w=-1
dx
Integrating
i(x—lw) —_1 gives X'w=—x+c = w=-Xx +cx
dx
Since 1
y=w" we have  y=—
w
so a solution of the given equation is _ 1
—x° +cx
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Bernoulli’s Equation

Example(2): Solving a Bernoulli DE
dy 1

» dy 3
— + —
A
We then substitute
w= y3 :> d_w — 3 2 ﬂ
dx dx
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Bernoulli’s Equation

dw 3 3
—+w==
dx Xx X

The integrating factor for this linear equation is

(2 of 2)

3

3 [=dx
px)=— = wux)=e"* =x
X
Then
x3d—w+3x2w:3x2
dx
Integrating
i(wx3) —3x> 9gives e
dx
Since 23 3
v =w we have yX =X +c
so a solution of the given equation is 3

yx =x+c
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Bernoulli’s Equation
(1 of 2)

Example(3): Solving a Bernoulli DE

dy 22
= +y=t
1 y y

We first rewrite the equation as

AP AP by dividing by t

We then substitute
w=y or y=w"'

dy dydw — ,dw

= A Chain Rule
dt dw dt dt
into the given equation
Ldw w! = dw w
— W + =rw = ——— =t
dt t dr t
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Bernoulli’s Equation

(2 of 2)
LI
dr t
The integrating factor for this linear equation is
1 —Ildf . .1
p(t) —__ — ILl(t) —e ¥ = e—lmt _ elmt _ t_l
4
Then
t aw _ w=-1
dt
Integrating
d (t'w)=—1 gives t'w=—t+c = w=—t"+ct
Since 1
y=w" we have  y=—
w
so a solution of the given equation is _ 1

—t* +ct
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EXERCISES

Solve Bernoulli differential equation

Hint: you can use example 2

2@ 2

Dr. Essam Othman Abdel-Rahman Faculty of Science and Computer Engineering © 2021



