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4.1 Indefinite integral

Definition (Antiderivative): A function G is called an antiderivative of the
function f on the interval [a,b] if G'(z) = f(z) for all z € [a,]].
Examples : What is the antiderivative of the following functions

1. f(z) =2z .

2. f(z) =cosx .

3. f(x) =sec’w

4 f) =1
5. f(z) =¢€"
Solution :

1. Gx) =22 +c

G’(x)—iG(x):i(mz—f—c):2x+0:2x

Cdx dz
2. G(z) =sinz +c
d d
’ _ v — (g —
G'(x) = de(at) T (sinx + ¢) = cosz

3. G(z) =tanx +¢
d d
/ = —_— = —_— = S 2
G'(z) = de(z) . (tanx + ¢) = sec” x
4. G(z) =In|z| +¢
d d 1
’ _ v _ v _
&)= Lo =L js 0=
5. G(z) =e" +c¢
d d

G'(z) = %G(x) =—("+c¢)=¢"

Note: If Gi(x) and Ga(z) are both antiderivatives of the function f(z) then

G1(z) — G2(x) = constant.

Definition (indefinite integral): If G(z) is the antiderivative of f(z) then
f(z) de = G(z)+c, /f(a:) dz is called the indefinite integral of the function

f().



4.1. INDEFINITE INTEGRAL
Basic Rules of integration :

1. /1dm:x+c

xn-&-l
2. /x"dx:n+1+c,wheren7é—1

3. /cosx dr =sinz +c¢
4. /sinm dr = —cosx + ¢
5. /sech dr =tanz +c

6. /CSC2J; dr =—cotz +c

7. /secm tanx dx = secx + ¢
8./CSC.CL‘ cotx = —cscx +c¢
1
9. [ —dz=Inlz|+¢
x
10. /e””dx—e +c
11. r=sin" 'z +c, where |z| <1
/\/1—:102 ]
12/ =tan 'z + ¢
13/ L d o+ here |z| > 1
. ———— dr =sec” "=+ c, where |z
zvar? -1

Properties of indefinite integral :

1. /kf(x)dzzk /f(x)dx,wherekeR

2. [(f@) £ 9(a)) do = [ 1) o [ o) do

o7
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Examples : Evaluate the following integrals

() w
T
. 9 D 9 5
Solution : 4x* — — de = [ 4x° dx — - dx
T x

3 -2 4 5
=4/x2da:—5/x73dx=4%—5 %—Fc:gxg—kﬁ—kc

2. /<3x§+\}5> dx

1 1
Solution : /(3:6é + \/5> dr = 3/:3% dx—}—/x_f dxr

z3 z2 9 4 1
=35 |+ +C=ZJU3+2$2+C

[N

3. /(20051‘ —3sec’z) dx
Solution : /(2 cosx — 3sec’ x) dr = Q/Cosx dx — 3/se(32m dx

=2sinx —3tanz + ¢

4. /(7secgc tanz + 5csc’ x) dx

Solution : /(7 secr tanx + 5csc? ) dr = 7/secxtana: dac+5/csc2 x dx

=T7secx 4+ 5(—cotxz)+c=Tsecx —5cotx + ¢

T €T

Solution : /(232> d:c:2/1dz73/x72 dx
T

-1

3
:2lnx|—3(ml)+c:2ln|x++c
— x
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. 3
6. /(96“ - 1+x2) dx
Solution : / 9e” — 5
’ 1+ 22

=9e® —3tan 'z +¢

4.1.

1
dx:9/ezdx—3/7dx
1+ 22

1

4
7. —+— ] d
/(\/l—xQ \3/5> !
Solution /(4 + 1 ) dx 4/71 dﬂchr/:c*l dx
ion : -— = 3
Vi—22 Yz V1— 22

X .1 3 2
- + ¢ =4sin x+§x3+c
3

W

=d4sin 'z + <

The definite integral :
If f is a continuous function on the interval [a,b] and G is the antiderivative of

f on [a,b] then the definite integral of f on [a,b] is

/ f(z) dz = [G(x)]’, = G(b) — G(a)

Examples : Evaluate the following integrals :

3
1. / (322 + 5)dx
1

3
Solution : / (32° + 5)dx = [2° + 5x]?
1

=(3%+5x3) - (13+5x1)=(274+15) — (1+5) = 36

1
2. / (2z 4 €%) dx
0
! 1
Solution : / (2z +€*) dox = [2* + ew]o
0

=(124+e)-(0*+e)=1+e—-1=¢
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4.2 Integration by substitution

The main idea of integration by substitution is to use a suitable substitution to
transform the given integral to an easier integral that can be solved by one of
the basic rules of integration.

Example : Evaluate the integral /m(aj2 +3)% dx

Solution : Use the su’?stitution u=2a>+3
Then du =2x dv = = du=z dzx

/a:(:c2—|—3)6 da?:/u(s% du = %/u6 du

1T (224 3)7

Sy teT Tt

By the chain rule % [F@)]"™ = (n+1) [f(2)" f(z), where n # —1
n+1

Hence / [f(x)]" f(x) dz = % + ¢, where n # —1

So, the above integral can be solved as follows
1 1 2 7
/x(x2+3)6 dx = 5/(z2+3)6 (2z) dx = 3 erc

Basic rules of integrations and their general forms :

anrl
1. /x"d:c: +c, where n # —1

n+1
n+1
Ju@r @ ae= T o oo £ -1
2. /% de =ln|z|+¢
P g = ()] + e

3. /e‘”dﬂc:e“‘—&—c

/f(x dac—e(:”)—l—c
/ cosx dr =sinz + ¢

(x) de =sin(f(x))+c
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5. /sinx dr = —cosx + ¢

/ sin (f(2)) f' (&) de = — cos (f(x)) + ¢

6.

sec’z dx = tanz + ¢
sec? dx =tan (f(z)) + ¢

7. esc2z dr = —cotz+c¢

csc? ) dx = —cot (f(z)) + ¢
secxtanx dr =secx + ¢

sec (f(z)) tan (f(z)) f'(z) dx = sec (f(z)) + ¢

csc (f(x)) cot (f(x)) f'(z) de = —csc(f(z)) + ¢

10. + ¢, where a >0 and |z| < a

T dr =sin™* (g)
f) dx = sin™! (f(ax)> +c, where a > 0 and |f(z)| < a

ﬁ

11.
a2+x2
x

ftaun*1 (E) + ¢, where a > 0
a
1
) —tan~! (f(z:)) + ¢, where a > 0
a a

12. = sec_1 (£> + ¢, where @ > 0 and |z| > a
a

x2—a2

dx = lsec_1 (f(f)) + ¢, where |f(z)] > a

2 a

/
e
/
e
|
Jrets
/
|
| i
J
| &ier
s
s

.’13 —a
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Examples : Evaluate the following integrals
1. /@2 + 22)(2® + 32% + 5)1 dz
Solution :
/(gg2 + 2x) (23 + 32° +5)10 do = é / (2 + 32 + 5)1° [3(2® + 22)] dx

(23 + 322 + 5)1

L +
3 3 11 ¢

z+1
2. = d
/(x2—|—2x—|—6)5 o

Solution :

z+1

1
= 7/(933 + 322 +5)10(322 + 62) dx =

2 +2x4+6)"1
@ +20+6)

1 1
:f/(m2+2$+6)_5(2a:+2)dx:§ = c

2
P B
vV Vt+222+5 + 222 +
Solution :
23
\/% (z* + 222 +5)"2 (2% + 2) da
x x

1 1 (2% 4222 +5)2

/ 2 +1
4. dx
34+ 3x+8
Solution :
/ 2 +1 1/ 3(x? 4+ 1) i
+3x+8 3) 23 +3x+8

1 34+ 3 1 3
S L N TS| 3z 48
3/x3+3x+8 z=3lnfe” 43z 48| +c

5. /Sli dx
1+ cosx

Solution :

/ﬂ dx:_/ﬂ de = ~In|1 +cosa| + ¢

1+ cosx 1+ cosx

2
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e5m

Solution :

651’ J 1 5651
— drx == R
e —2 5) e’®

1
— da::gln|65172|+c

63

/(31‘2 +1)sin(z® + 2 + 1) da

Solution :

/(312 + 1)sin(2® + 2+ 1) do = /sin(x3 +a41) (322 +1) do
=—cos(@®+z+1)+c

2
8. sec? \/x I
N

Solution :
2
1
/sec\/ix dx:/seCQ\/E—xdx

7
1
=2/se02\/§ﬁdx:2tan\/5+c

/x esc(x? + 2) cot(z? + 2) dx

Solution :

/x csc(x? + 2) cot(z? + 2) dx = /csc(x2 +2) cot(x? +2) x dx
1

- /csc(a:2 +2)cot(z? +2) (2z) do = — = csc(x? +2) + ¢

10. /e“inmcosm dx

Solution :

/675”” cosz dxr = /675”””(7003 x)

1 .
dr = = 7sinx
x 76 +c
e§

Solution :

=

3
ex 3 1

22

dx
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x
12. —d
/\/9—:54 v

Solution :

Jw=t=]

CHAPTER 4.

m

13.
/ —6x+10
Solution
J =i = e
dz
x2 6x+10 (2 —62+9)+ (10— 9)
/ dx:tan_l(x—?))—i—c
14./
+2x+5
Solution
I e
dx
+2x+5 (@2 +22+1)+(5-1)
1 1 z+1
= — —  _dr=3Ztan!
3/(33—1—1)24—22 T 32an ( 5 )—f—c
15./ ! dz
zln|z|
Solution
1 1
/7dx:/Ld:c:1n|ln|x||+c
x1In |z In |z|
2z —1
16. —
6 /xQ—l—l dz

Solution :

2¢ — 1
/x2+1 d:v—/

=In(z® 4+ 1) — tan™!

2 +1

2x 1
— | ——d
/x2+1 o

x4+ c

INTEGRATION



4.3. INTEGRATION BY PARTS 65

4.3 Integration by parts

It is used to solve an integral of a product of two functions using the formula

/udv:uv—/vdu

Examples : Evaluate the following integrals

1. /a:e'” dx

Solution : Using integration by parts
u=zx dv =€" dx

du = dx v=¢e"

/xem dx:mew—/em doe = ze® —e® +¢

2. /a:2 sinx dx

Solution : Using integration by parts

u=z? dv =sinx dx

du = 2xdx V= —CoSx

/x2 sinz doz = —az? cosx — /Zx(— cosz) dx

= —x2cosx+2/xcosx dx

Using integration by parts again

u=x dv = cosz dx
du = dx v =sinx

/xZSinx dz = —2%cosz + 2 (msinx—/sinx da:)

= —2%cosz + 2 (zsinz — (—cosz)) + ¢

= —z%cosx + 2zsinz + 2cosz + ¢

3. /xlnm dx

Solution : Using integration by parts
u=In|z| dv =z dx
2

du:ld:r v="1
x 2
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x? 1 2?2
1 :—1 — _ —
/x n x| dx 5 n |zl /3: 5 dx

_:E21|| 1/ d_x21|| 1x2+ _:c21|| :102+
—2nm2xx—2nx220—2nx4c

4. /ln\x| dx

Solution : Using integration by parts
u=lIn|z| dv = dx

du = — dx v=21
T

1
/ln\x| da::xln|x|—/x—dx:ggln|x|_/1dx
T

=zl|z|—x+c¢

5. /tan_lx dr

Solution : Using integration by parts

u=tan 'z dv = dx

1
d = -
v 14 22

1
/tan_lx dmzmtan_lx—/m —— dx
1+ 22

1 2 1
:xtan_lx—f/ x dmzwtan_lx—§ln(1+x2)+c

dx v=u

2/ 1+ 22

6. /sinflm dx

Solution : Using integration by parts

u=sin"'z dv = dx

1
du = —— dx v==zx

V1—22

.1 -1 X
sinT"rxdr=xsin” " x— | ——— dx
/ /\/1 — 2

1 1 (1—2a2)2
:$Sin_1$+§/(l—x2)_%(—2x) dm:xsin_lx_i_i (73:)2

=

=zsinlz4+V1—22+¢
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7. /e:” sinz dx

Solution : Using integration by parts

u =sinzx dv =¢€* dx
du = cosx dzr v=e"

/e””sinx dx:ewsinx—/ewcosx dz

Using integration by parts again

U = COS X dv = e® dx
du = —sinz dx v=2¢e"

/ersinx dx = e”sinx — (emcosx—/ea”(—sina:) da:)
/ersinx dr = e"sinx — <emcosx+/e$sinx dx)

/e‘”sin:v dx:exsinx—e”cosx—/e”:sinx dx
2/e$sinx dr =e*sinx — e*cosx + ¢

1
/ewsinx dzx = 5 (e®sinx — e® cosx + ¢)
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4.4 Integral of rational functions

(The metod of partial fractions)

P(x)
Q)

Method of partial fractions is used to solve integrals of the form /

where P(z) , Q(x) are polynomials and degree P(z) < degree Q(x).
If degree P(x) > degree Q(x) use long division of polynomials .

Definition (linear factor) :
A linear factor is a polynomial of degree 1.
It has the form az + b where a,b € R and a # 0 .

Examples :
x, 3z, 2x¢ — 7 are examples of linear factors .

Definition (irreducible quadratic) :
An irreducible quadratic is a polynomial of degree 2.
It has the form az? 4+ bx + ¢ where a,b,c € R , a # 0 and b?> — 4ac < 0 .

Examples :
1. 22 +9 and 22 + = + 1 are examples of irreducible quadratics.

2. 22 =x z and 2% — 1 = (x — 1)(x + 1) are reducible quadratics .

P(x)
Q(z)

Write Q(x) as a product of linear factors and irreducible quadratics (if possible).

How to write

as partial fractions decomposition ?

If Q(z) = (17 + az)™ (b12? + bax + b3)™ where m,n € N then
P(I) A1 A2 Am
= + — + . o4 o m
Q(x) a1z + as (a1 + as) (a1 + ag)™
Bix+ C4 Box + Cy i n B,x+ C,
b1$2 —+ bQIC —+ b3 (bll'Q —+ ng + bg)2 (bll'Q + bg.’ﬂ + bg)n

Where A17A2a”' 7AT)’L7B17B27"' 7B7La017027"' )OIL eR.

Examples : Write the partial fractions decomposition of the follwoing

2x+6

1. ——
2 —2x —3
Solution :

12 -2 -3 (x—3)(x+1) 7—3 711
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T+ 5

x4 dxr+4

Solution :
z+5 T+5 Ay Ay

22 +dv+4 (x4 2)? 7m+2+ (x +2)?

2 +1

Tzt 4+ 422

Solution :

2+ 1 x? +1 Ay Ao Bix+ C4

rh4+ 422 22(224+4) =z +ﬁ+ x?+4

20+ 7

" (z+ 1) (22 4 9)2

Solution :
2x + 7 A1 BllL' + Cl BQ.T + CQ

(r+1)(22+9)2 z+1 x2+9 (22 +9)2

. r
(- 1)(22-1)
Solution :

T o €T o Al + A2 n A3
(z—1)(22-1) (z4+1)(z-12 z+1 z-1 (z—1)2
4+
2 -1

Solution : Using long division of polynomials

P+ (P-a)+20  x(@-1)+22 2x
r2 -1 x? -1 N x? -1 - x? -1
3+ N 2 N Ay n Ay

=X =X
x?—1 (x—=1)(z+1) x—1 x+1

Examples : Evaluate the following integrals

z+3
1'/<z—3><x72> e

Solution : Using the method of partial fractions

r+3 A n Az
(x—3)(z—-2) x-3 x-2
z+3 _ A(r—2) As(xz —3)

(z=3)(z—-2) (z-3)(z—-2) (x—2)(x—3)

69
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x+3 Ai(x —2) + As(z — 3)

G-3@-2 @-3)-2
x+3=A1(x —2)+ As(x — 3) = Ajx — 241 + Asx — 34,
x+3= (A1 + Az)xz + (—24; — 34,)

By comparing the coefficients of the polynomials

A1 + Ag =1 — (1)
72A1 — 3A2 = 3 — (2)

Muliplying equation (1) by 2 and adding it to equation (2) :
—Ay =5 — Ay =-5
From Equation (1) : 41 —5=1 = A;=14+5=6

©43 6 5
(r—3)(x—2) -3 x-2

I Rl A Ce R

1 1
:6/ dx—5/ der=6ln|lz—3|-5ln|lzr—2|+c¢
x—3 T —2

r+1
'/xQ—Idm

Solution :
r+1 z+1
/x2—1 dx_/(x—l)(:v+1) de

1
:/ de=Inlz—1|+c¢
z—1

r—1
' /(x+1)(w+2)2 du

Solution : Using the method of partial fractions

r—1 A1 A2 A3

@i D@22 o+l z+2 (2122
x—1 Ay (z +2)? Ag(z +1)(z +2) As(x+1)

(z+1D)(z+2)?2 (z+1)(x+2)2 (z+1)(z+2)2  (z+1)(x+2)2
r—1=A1(x+2)2+As(x+1)(z +2) + Az(x+ 1)

r—1=A1(2? + 42 +4) + Az (2? + 32+ 2) + Az(z + 1)
r—1= A1$2 +4Ax +4A, +A2$2+3A21‘—|—2A2+A3$+A3
1’—1:(A1+A2)ZL’2+(4A1+3A2+A3).’E+(4A1+2A2+A3)
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By comparing the coefficients of the polynomials

A1 + AQ = 0 — (1)
4A1 + 3A2 + A3 = 1 — (2)
4A;, + 24y + A3 = -1 — (3)

Subtracting equation (3) from equation (2) : Ay =2

From equation (1) : A; +2=0 = A; = -2

From equation (2) :

(Adx-2)4+3%x2)+A43=1 = —8+4+6+A3=1 = A3=3
z—1 —2 2 3

@t )@+2? 241 7242 (zr2?

/M@Zw:/(xfmif@fzv) o

1 1
=—2/7dx+2/7dx+3/(33+2)_2 dz
z+1 x+2

(x+2)71
-1

==2Injz+1|+2njz+2/+3 +c

3
=2lnjz+1|+2njz+2|—-——+c¢
T+ 2

2
n /Qx +3x+2da?

3+ x
Solution : Using the method of partial functions

2x2+3x+2_2x2+3x+2_é+3x—|—0
w+z  z@2+1l) oz 2241

20 +3x+2  A(x?+41)  z(Bx+C)
4+ z(@2+1) z(x2+1)

202+ 3r+2=A(?+1)+2(Bx+C) = Az? + A+ Ba? + Cx
202 +3r+2=(A+B)2?+Cx+ A

By comparing the coefficients of the polynomials

A+B = 2 — (1)
c = 3 — (2
A = 2 — (3)

From equation (1) : 2+ B =2 = B=0
2x2+3a:+2_2 3

3+ z x22+1
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/2x2+3x+2dx_/ z+ 3
3+ o x  x2+1

1 1
=2 ~-dz+3 | ——d
/x v /I2+1 o

=2In|z| +3tan"tz + ¢
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