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3.1 Systems of Linear Equations

Consider the system of linear equations in n different variables

a111 + a12X2 + oo+ A1nLn = b1
asr1 + axry + ... + agpr, = bs

(%)
Ap1T1 4+ A2 + ... 4+ appxy, = by

Using multiplication of matrices , the above system of linear equations can be
written as : A X =B

air a2 ... QGin gl by

as1 a22 oo Q2p X2 b2
where A = . . . , X = . and B =

p1  QAp2 ... Gpn LTn bn

A is called the coefficients matrix
X is called the column vector of variables (or column vector of the unknowns)
B is called the column vector of constants (or column vector of the resultants)

Theorem : The system of linear equations (*) has a solution if det(A) # 0 .

This chapter presents three metods of solving the system of linear equations
(*), the first method is Cramer’s rule , the second is Gauss elimination method
, and the third is Gauss-Jordan method .
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3.2 Cramer’s rule

Consider the system of linear equations in n different variables

a11x1 + appre + ... + aipxn, = b
ag1x1 + axry + ... + am®, = b
NCY
aAp1T1 + apers + ... + apnTn = by
AX=8B
ail ai12 e QA1n T bl
@21 Qa2 ... Q2n x2 by
where A = . . . , X = . and B =
Anl Gp2 .. Qup T, b,

If det(A) # 0 then the solution of the system (*) is given by
xvfwforever 1=1,2,---.n

" det(A) yr=harn
Where A; is the matrix formed by replacing the i*" column of A by the column
vector of constants.

b1 ai12 oo Q1p ail b1 oo Q1np
bg a2 ... Qop a1 bg ... Qon
Al = . . . ) A2 =
by, ap2 ... Qnn an1 bn ... Gun
ail aiy ... bl
a1 a922 PN bg
A, =
ap1 Ap2 ... bn

Example 1: Use Cramer’s rule to solve the system of linear equations
2c + 3y = T
- 4+ y = 4

Solution : In this system of linear equations

A& 1) x= () mar=(0)

det(A) = ’2 3

A= <7 3> — det(Al):7—12:—5
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The solution of the system of linear equations is (;) = <_31>

Example 2: Use Cramer’s rule to solve the system of linear equations

2r + y + z = 3
e + y — z = =2
20 — 2y + z = 6
Solution : In this system of linear equations
2 1 1 x 3
A=[4 1 —-1|,X=|y|landB=1|-2
2 =2 1 z 6
To calculate det(A) :
2 1 1 2 1
4 1 -1 4 1
2 -2 1 2 =2
det(A)=(2-2-8)—(2+4+4)=-8-10=-18
3 1 1
Ai=|-2 1 -1
6 -2 1

To calculate det (Aq) :
3 1 1 3 1
-2 1 -1 -2 1
6 -2 1 6 -2

det (A1) =(3—6+4)—(6+6—-2)=1—10=—9

2 3 1
Ay=14 -2 -1
2 6 1

To calculate det (As) :
2 3 1 2 3
4 -2 -1 4 =2
2 6 1 2 6

det (Ag) = (—4—6+24) — (—4—12+12) =14+4 =18

2 1 3
As=[4 1 -2
2 -2 6

To calculate det (As) :

det (Az) = (12—4—-24) — (6+8+24)=1-10=—16 — 38 = —54
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det(A —18 2
d

y = et(Ag)_ 18 -1
det(A —18
d _

o et (Ag) _ 54 -3
det(A —-18
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3.3 Gauss elimination method

Consider the system of linear equations in n different variables

ai1ry + a2 + ... + aiprn, = b1
as1x1 + aseres + ... + aopx, = b
(*)
Ap1T1 + A2 + ... 4+ Appxn, = b
AX=B
ail ai12 ... Q1p X1 bl
asy a9 ... Qop X9 bQ
where A = . . . , X=1]| . | and B=
Apl Ap2 .. Gpp T bn

To solve the system of linear equations (*) by Gauss elimination method :

1. Construct the augmented matrix [A|B]

ailr a2 ain | b
az; a2 a2y | ba
an1 an2 Ann bn

2. Use elementary row operations on the augmented matrix to transform
the matrix A to an upper triangular matrix with leading coeficient of each
row equals 1.

(Note: the leading coefficient of a row is the leftmost non-zero element of

that row).
1 ci2 c13 cua Cin dy
0 1 o3 co4 azn do
0 0 0 ... 1 cipoin|dna
0 0 0o ... 0 1 d,

3. From the last augmented matrix , x, = d, and the rest of the unknowns
can be calculated by backward substitution.

Example 1: Use Gauss elimination method to solve the system

r — 2y + z = 4
- + 2y + z = =2
4 — 3y — z = —4
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Solution : The augmented matrix is

1 -2 1 4
-1 2 1 | -2
4 -3 —-1|-4

1 -2 1|4 1 -2 1|4
-1 2 1 |-2 ke, 0 0 2|2
4 -3 —1|-4 4 -3 —1|-4
1 -2 1] 4 1 -2 1] 4
Mol oy 3 1| -4 | B [ g 5 5| —20
0 0 2|2 0 0 2 2
) 1 -2 1] 4 ) 1 -2 1] 4
5 Ro 31t
== o1 —1f-a | =22 o 1 -1]|-4
0 0 2 2) 0 0 11

Therefore, z = 1.
y—z=—-4 =>y—-1=-4 = y=—-44+1=-3
r—2y+z2=4 = z-2(-3)+1=4 = z+6+1=4 = z=4-7T=-3

x -3
The solutionis [y | = | —3
z 1

Example 2: Use Gauss elimination method to solve the system

2r — y + z + 3w = 8
r + 3y + 22 — w -2
3. + y — 2z — 2w = 3
r 4+ v 4+ z - w = 0

Solution : The augmented matrix is

2 -1 1 3 8
1 3 2 —-1|-2
3 1 -1 -2/ 3
1 1 1 —-1]0
2 -1 1 3 8 1 1 1 =110
1 3 2 —-1|-2 Ri<Ry 1 3 2 —1|-2
3 1 -1 -2 3 3 1 -1 -2 3
1 1 1 —-1]0 2 -1 1 3 8
1 1 1 —-1]0 1 1 1 -1
—Ri1+R, 0 2 1 0| -2 —3R1+R3 0 2 1 0
3 1 -1 -2 3 0 -2 —4 1
2 -1 1 3 8 2 -1 1 3
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1 1 1 -1]0 11 1 -1
—2R1+Ry 0 2 1 0 ]-2 Ro+Rs 0 2 1 0
0 -2 —4 1|3 0 0 -3 1
0 -3 -1 5|8 0 -3 -1 5
1 1 1 =1]0 11 1 —1]0
2R, 0 2 1 0|-2 3R+ Ra 02 1 0 |-2
00 -3 1]1 00 -3 1|1
0 —6 —2 10|16 00 1 10|10
11 1 -1]0 11 1 -1]0
3Ry 0 2 1 0| -2 Rs+R4 0 2 1 0| -2
00 -3 1]1 00 -3 1|1
00 3 3030 00 0 31|31
11 1 -1]0 111 -1]0
3R 01 5 0|-1 ~3Rs 01 3 0]-1
00 =3 1|1 00 1 —%|—3
00 0 31|31 0 0 0 31]31
111 -1]0
3 Ra 01 35 0]-1
00 1 —%|—%
000 1]1
Therefor, w =1
1 L 1 L 0
2 swW=—7 Z—5=—7 z=
3 3 3 3

1
y+§z:—1 = y+§(0):—1 = y=-1
z+y+z—w=0=2-140-1=0 = =2

The solution is

S e 8
|
—
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3.4 Gauss-Jordan method

Consider the system of linear equations in n different variables

a11x1 + appres + ... + apxn, = by
ag1x1 + ag2x2 + e + aA2nTn = bg
(%)
Gn1T1 + Ap2%2 + ...+ App®n = bn
AX=B
ail ai12 . A1n I bl
a1 a2 Lo Qop To b2
where A = . . . , X = . and B =
Gpl  An2 cee Gpn T bn

To solve the system of linear equations (*) by Gauss-Jordan method :

1. Construct the augmented matrix [A|B]

ain a2 ain | b1
a21 Aa22 azy | ba
an1 An2 Ann bn

2. Use elementary row operations on the augmented matrix to transform the
matrix A to the identity matrix .

10 ... 0 0| d
0 1 0 0| do
0 0 1 0|dy_1
0 0 1| dy
3. From the last augmented matrix , z; = d; for every i =1,2,--- ,n

Example 1: Use Gauss-Jordan method to solve the system

r + y + z = 2
r — y + 2z = 0
2z + 2z = 2

Solution : The augmented matrix is

1 1 12
1 -1 210
2 0 1)2
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1 1 1] 2
0 -2 1|-2
2 0 1| 2
—R2+R3
1
—R3+R> 0
0
1
—%Rz 0
0

Therefore , x =1,y =1 and z = 0.

The solution is

2
0 —Ri1+R3
2
1 1 1
0o -2 1
0 -2 -1
1 1 1] 2
0 -2 1|-2
0O 0 1,0
1 1 0
0 -2 0
0 0 1
1 0 011
01 01
0 0 1]0
T 1
vyl =11
z 0

Example 2: Use Gauss-Jordan method to solve the system

Solution :

2x
T

x

T

w

+ 4+

The augmented matrix is

-1

W =N

3
1
1

—Ri1+R>

—2R1+Ry

1
2
-1
1

N WO -

OO O

-1

[ NS

=W =N

o

Y
Y

)
Y

+
+

+

2z
z
z

+

Jw =
w =
2w =
w pry

O W

—3R1+R3

R2+R3

—_ 0 =

8

-2

3
0

N OO -

oS oo

(Note : This is example 2 in Gauss elimination method)
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0
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0
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SR

The solution is (

Therefore, x = 2
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