CHAPTER FIVE

DEFLECTION OF STRUCTURES
CONJUGATE BEAM METHOD

The conjugate beam method was developed by H. Miiller-Breslau in
1865. Is used for finding out the slope and deflection of cantilevers and
simply supported beams.

The conjugate beam is the imaginary beam of length equal to the same
length of original beam and loaded by the usual bending moment diagram
divided by EI.

The slope and deflection are found according to the Mohr’s theorems
which it state that:

1. The shear force at any section in conjugate beam is equal and
corresponding to the slope at the same section in actual beam.

2. The bending moment at any section in conjugate beam is equal
and corresponding to the deflection at the same section in actual
beam

Conjugate-Beam Supports.
When drawing the conjugate beam, it is important that the shear
and moment developed at the supports of the conjugate beam
account for the corresponding slope and displacement of the real
beam at its supports according to consequence of theorml and 2 as
shown in the following Figures.
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Sign Convention

Actual Beam Conjugate Beam
Moment Load (M/ED)
Moment & Load Positive (sag) upward
Negative (hog) Downward @
Rotation Shear
Shear & Rotation Counterclockwise ) |upward
Clockwise ) Downward
Deflection Moment
Moment & Deflection |upward 1 Positive (sag)
Downward ‘ Negative (hog)

Example 1:
Find the rotation and deflection at the free end for the cantilever
shown in Figure below.

El = const 10 lkN
"
y B
/
i 4 m l
T T
Solution:
e Draw the conjugate beam:
) V Y]
A /' B
%
l 4 m l
T T

e Draw the bending moment diagram for actual beam:
M=PL=10(4) = 40

B.M.D

e Draw the M/EI diagram for conjugate beam:
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) 4m Ji

e For rotation at B, find the shear force at conjugate beam at B:

Vo=—, d d |
= ownwar:
T EI’

80 )
EI
e For deflection at B, find the moment at conjugate beam at B:

80 (8\ _ 640
Ms= -5 (3) = — 35 (hog)

So:

3
So:

o 640 ;
= ownwar
Y ‘

Example 2:

Find the rotation and deflection at the free end for the cantilever
shown in Figure below.

10 kN

El = const
44 B
/
i 2m |
1 T
) 4m |
T T
Solution:
e Draw the conjugate beam:
A’ E B’
! 4 m l
T )

e Draw the bending moment diagram for actual beam:
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M=10(2) =20
B.M.D

e Draw the M/EI diagram for conjugate beam:

A 7 B’
/]
20
20 2(2) 10
El S i3 —1
1 20
G@=5
) 4m )i
T )
e For rotation at B, find the shear force at conjugate beam at B:
20

VB:EI downward l

20 )
T EI

e For deflection at B, find the moment at conjugate beam at B:
20 (10 200
M == EI( )_ 31 (h° )D

200

op=—", downward
3E1’

So:

So:

Example 3:
Find the rotation and deflection at the free end B and at joint C
for the cantilever shown in Figure below.

El = const 10 kN 10 kN
1
A/ B
% C
! 2m I 2m )
t ? )
Solution:
e Draw the conjugate beam:
J V 7
A .
7 B
l 4 m l
T T

e Draw the bending moment diagram for actual beam:
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B.M.D

Mi=10(4) + 10(2) = 60 kN.m, Mz = 10(2) = 20 kN.m

e Draw the M/EI diagram for conjugate beam:

F Shear at C Shear at B
Fi+F> Fi1+F>+ F3
@ 1,60 20
Em@-
40 40 80
® 20 40 E T E T E 40 40 20 _ 100
(E) (2) = 7 e ETE
1,20 20
@ ;(m@=%
F xtoC xXtoB
40 2 4 2 10
® ] e =3@ =3 s =z @ +2=7
40 1 1
@ E x23=§(2)=1 x23=§(2)+2=3
@ 20 2 4
E X3p = 5(2) = §
Moment 40 /4 280 40 710\ 40 20 /4 280
~&G) ‘—( =% [a3) 59565
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e For rotation at B:

100
Vg =——, downward
EI

So:
e For deflection at B:

So:

s 280 d J
p=—, downwar l

e For rotation at C:
80

VC=E, downward l
So:
a2 )
‘T EI
e For deflection at C:
M _289 h
(O 3E]’ ( Og)
So:
&——280 d d
=351’ ownwar

Example 4:
Find the rotation and deflection at the free end for the cantilever
shown in Figure below.

10 kN/m EI = const

B

A
#
! 4m )
1 T

Solution:
e Draw the conjugate beam:
A E B’

l 4m .
T )

e Draw the bending moment diagram for actual beam:
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=10(4)(2)=80

e Draw the M/EI diagram for conjugate beam:

2
3
l 4m l
T T
e For rotation at B, find the shear force at conjugate beam at B:
640
Vg =——, downward
3EI
So:
w2 )
" 3EI
e For deflection at B, find the moment at conjugate beam at B:
640 __640
My = -7 (3) = —Fp (hoy)
So:
640
op=——, downward l
El’
Example 5:
60 kN
A l C
el B
i 3m | 3m 17
* ) )
EI = const

For the beam shown in Fig. find:
1. the rotations at joints A and C.
2. the displacements at joint B.

Solution:
e Draw the conjugate beam:
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A’ C’
fé

6m

——

EI = const

e Draw the bending moment diagram for actual beam:

(+)
B.M.D
_PL_60(6)
M= =——==90

e Draw the M/EI diagram for conjugate beam:

Go-y &y @ow

2\El)> T El

Y ! Y
135 135
B M El

— diagram X1B
EI vg 4
Xic

1
X1B :§(3)= 1m
1
x1(3=§(3)+3 = 4‘m

2
xzc=§(3)= 2m

e For rotation at A, find the shear force at conjugate beam at A:

135
V4 =——, downward
El
So:
P 135 )
ORI
e For rotation at C, find the shear force at conjugate beam at C:
v 135 J 1
c=——, upwar
r ’ YP
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So:

135
Oc= £l )
e For deflection at B, find the moment at conjugate beam at B:
135 o 135 135 oy 135 00 270
Mp=——+3) + 57 (x1p) = =57 O + 7 (D) = — =,
(hog)
So:
270
op=—, downward @
EI
Example 6:
A 10 kN/m C
| 6 m
T T
EI = const
For the beam shown in Fig. find:
1. the rotations at joints A and C.
2. the displacements at mid beam.
Solution:
e Draw the conjugate beam:
A’ C’
7 ;@;
# 6m + ‘

e Draw the bending moment diagram for actual beam:

(+)

M diagram
2

3 45

e Draw the M/EI diagram for conjugate beam:
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| 3m | 3m )|
T v T T
M 1 45 F>
— diagram } I A2t %
® (]
<XlB
i Xic F?
F )
F_2<45)(3)_90F_F_90
17 3\EI TEI’ (T YRl
3 9 3 33 5 15
X1B=§(3)=§,X1c=§(3)+3=§,ch=§(3)=§

e For rotation at 4, find the shear force at conjugate beam at A:

VazFi= =, d d |
a=F1=—, ownwar

9A=§ )

e For rotation at C, find the shear force at conjugate beam at C:

90
Va=-F1+F1+F2=Fz= T upward 1

So:

So:
90
HC:E )
e For deflection at B, find the moment at conjugate beam at B:
My = —F,(3) + Fy (x15) = 90(3)+90(9)
B = I 1) = £l EI\g

_ 675 "

- 4‘E1’( Og)
So:

674
OB “1El’ downward @
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