Time Response, Stability, and
Steady State Error
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1 Time Response

 The mathematical representation of a system (7ransfer function or State space) is used to
analyze its transient and steady-state responses to see if these characteristics yield the desired

behavior.

* Performance of controlled systems can be tested and compared by their responses to
certain test signals (Step functions, /mpulse functions, ramp functions, sinusoidal

functions, etc.).

* Aresponse of a dynamic system can be analyzed in two parts:
o Steady-state response: The behavior of the output as t — o
o [Transient response. The behavior of the output as it goes from an initial state to a final state.

* This chapter is devoted to the analysis of system transient response.
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Time Response
Poles, Zeros, and System Response

The output response of a system is the sum of two responses:

1. the forced response (steady-state response or particular solution),
2. the natural response (the homogeneous solution).

Output response = forced response (e.g. constant) + natural response (e.g. exponential)

roots of the denominator (characteristic
Poles of a Transfer Function (TF): The values of Sthat cause TF — oo /j }

_\polynomial) of the transfer function
Zeros Of a TF the Values Of Sthat cause TF — O Joots of the numerator of the transfer function ]

o

Example: Poles and Zeros of a First-Order System

j@
A
C(S‘) _ (‘S + 2) — A B — 2’ “III 5 + 3 ’I{S <[System Output (unit step response) ]
S s(s+5) s s+5 s 545 G(s) s-plane
RsY=~ [c3a] Cls)

42 3 & 5T 2 Y

where 4 =8+2 _2 and =112 = "15+5 = *—
G+5) | 5 5 s 3 $+3 505

System showing input and output
2 3 —3t System Outputin time
Inverse Laplace transform: | ¢(f) = g + E e {domam ime response)]

pole-zero plot of the system
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Example: Poles and Zeros of First Order System

| (r((x)
Ris)=y |sg+2| C)
Input function e - Input pole System zero
s+35 I | ————————

generates

Input poles =mmmmmm) Forced response

|
I
I
|
( pole at the origin generated a step function at the output) :
I
|
I
I
I

generates

System poles Emmmmm) Natural response

h ----------
Transfer function

(A pole a on the real axis generates an exponential response of

I .

_ Output | I

the form e ~** that will decay to zero). transform | g s +571

s | : I

Output I _______ f_--; 7

System poles  generates 7 time _ = 4 2 st

Yy p 9— Amplitudes for both the | clf) - s
And zeros response |

System pole

forced and natural responses MY T - _|
|

Forced response Natural response

Evolution of a system response.
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Evaluating Response using Poles

Problem: R(s) =% (5+3) C(s)

Given the following system, write the output, (9, in general terms. 2 >

(s+2)(s+4)(s+3)

Specify the forced and natural parts of the solution.

Solution:

K K K K
C(s)=—F+—2— 4324+ 4
s (s+2) (s+4) (s+5)
Foéed Natural

response response

Taking inverse Laplace transform,

» Each system pole generates an exponential as part of the C(I) K 1 K?E—Zf Y E—4r LK 2—5:
natural response. | 1‘ | 2 3 4 ‘

» The input's pole generates the forced response. Forced Natural
response response

Poles of the system produce the
Natural response that Will decay to zero
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First-Order

A first-order system without zero:

(r( %)
(%) i
sta

Cls)

Jw
i

s=plang

_x

il

-

System: Time Constant

 If the input is a unit step: R(s) = % then the Laplace
transform of the step response is :

C(5)=R(5)G(s) =
Taking the inverse transform

c(t)y=c (1) +c,(t)=1-e"%

The system pole a
Significance of parameter a (System pole) | 2oas e
(only parameter needed to describe the

transient response),

When t=1/a, e ™

=€

i=1/a

-1

origin generated the

{
5_{5 + ”) the input pole at the
forced response

?

=0.37

Hence, -‘:‘(f)‘hlm =1-0.37=0.63

(1)

1.0
0.9
0.5
0.7
0.6
0.5
0.4
0.3
0.2
0.1

()

i

1
_ =da
time constant

Initial slope =

/ _—

~._ 63% of final value
at 1 = one time constant

~

& -
St

R
2~ Y
_Ltl_rh
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Some Terminology

(three transient response performance specifications).

1. Time constantT .. Time it takes for the step response to rise to 63% of its final value.

» we can call the parameter a (system pole) the exponential frequency (The reciprocal of the time constant)
* T.,is related to the speed at which the system responds to a step input.

2. Rise TimeT,.. Rise time is defined as the time for the response to go from 0.1to 0.9of its final value.

found by solving for the difference in time at ¢ft,)=0.9 and ¢(t;)=0.1

time for C(t) = 0.1
C(t)=09=1-e"% mmp ¢ — _In(0.1) _ 231 /7213 011 2.2

a a ‘ TT’ = tz — tl = a a = a R/SE l‘/mé’.
C(t;) =01=1- g~aty == t; = _ln(2.9) — 0'21 time for C(t) = 0.9

3. Settling time T . The time for the response to reach, and stay within, 2% of its final value.
Letting C(Ty) = 0.98 and solving C(t) for time, t = T, we find the settling

timetob
metene In(0.98) 4

C(T,)=098=1—¢"9T mm)p T5= —a g Ts =
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First-Order Transfer Function via Testing

e With a step input, we can measure the time constant and the steady-state value, from which the transfer function can be
calculated.
A

«  Asimple first order system has : G(s) = K/ (s+a). 0.8 _%M
K _Kl/a Kla

and step response Is: cs)=———=—————— gafTrrrrrrmmm e e

= 0.7 F
s(s+a) 3 (s+a)

In the time domain (ILT): (¢ = K_K —a (eq.1) 0.6
a a

63% of 0.72 = 0.45

» From the response, we identify K'and 4to obtain the -

transfer function. 0.4

7_0 ﬁnd a final value about 0.72 .
Time constant = Time(0.63 X 0.72) [ from the graph | ’
0.2

= Time(0.45) = 0.13 second

Amphitude

time (amplitude = 0.45) = 0.13 s ]

1 _
a="/013=77 >
70 find K: From (eq. 1), the forced response reaches a steady-state 0 uf : : ﬂfz U’j Uf,‘ u'_5 ufa ﬂ} uj.:s =
value of K/a = 0.72 » K = 5.54 Time (seconds)
K = 5.54 K Transfer function, 5.54

and G(s) = () = :
a=77 V5t ) | G0) (s+7.7)
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«  For un-dampec(without damping) system, a = 0, and the poles are on jw — axis at ¥jvb, G(s) = b

Consider the general system, G(s)=—

Second-Order System; G(s)

Parameters of First-order system determine the speed of the system.

|
: R(s) =35 b Cls)
Parameters of Second-order system determine the form (shape) of the system. "l 25 p— -
5= i
b System poles a_“Va?—4b
= —— General case of second order system
s*+as+Db 51,2 2t y

s2+b

Natural Frequency . . fg 5
) - Y, = V0, Hence | b = w, un-damped system
For an unader-damped system, poles have real part @ = — %/, (exponential decay ),
Exponential decay frequency
Damping Ratio ‘g‘ al? £ exponential decay
f: pr— p— : _l‘-" p— "E: —
> —la=250, natural frequency

[—/ﬁ (0 0
Natural frequency n n

w,, . (Natural Frequency ) the frequency of oscillation of the system without damping.
¢ : (Damping Ratio ) dimensionless measure describing how oscillations in a system decay.

o : (Attenuation) exponential decay , real part of the pole

G(s)=— b
s-+as+b

b= w,>

a=2¢w,

2
0

G(S): 2 ; - 2
sT+28m 5+

Poles

—

Canonical form
(two finite poles and no zeros)
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Second-Order System,

The sign of the discriminant of the denominator polynomial depends on the damping ratio &, three cases.

5 a=2%w

a as —4b n _ 3

System poles Sip = —— F —> §,=—c@, T @, 1,,‘-'|;' —1
’ 2 2 b= w,?>

Casel: Overdamped system: (§ > 1) Tiwo real poles

a=9and b =9
9 9

C(g): . =
s(s°4+9549) s5(s+7.854)(s5+1.146)
1 0.171 1.171
= C(s) =—+ —
) = S+ 537852 5+ 1146
»  c(t) =1+0.171e 78>t — 01,171 1146t .
J
A
s-plane
(r(5)
R(s) % g C(s) A A -
52795 +9 = -7.854 -1.146
Overdamped %

Two real poles ]

CENA455: Dr. Nassim Ammour

((s)

| .
Ro) =5 | » Cs) _
2+ as+ b

the general case
(two finite poles and no zeros)

c(f) c(N=1+0.171e '4% —
1‘ 1.171e 1. 1461

0.5

10



Second-Order System

Case 2: Under-damped Response (0 < & < 1) : (7wo complex poles that come from the system).

9 9
C(s)= — Poles from the system: s =—1+ 74/8
S(5°+25+9)  s(s+[1+ JV](s+[1- /8] comtiey — 37 e,
[a =2and b = 9{ ) c(f) clr)=1-e Ycosv B +'J; SINY 1)
. N 4k =1-1.06e cos({81—19.47")
i(s) s-plang 12
o1 | X | 8 :
© Ris)=3 N g (%) ... 7 1
s2+25+9 - 0.8
Underdamped —1 gg
| Two complex poles ]/ X |-jv8 0.2
| | | | I
. ' () 0 12 3 4 35
From’ K4COS(CZ + '8) - K4COSC( COS'B B K4sma Sln'B $ Exponential decay generated by
= KZ Cos(\/gt) + K3 Sis(\/gt) real part ofcomi'»lex pole pair
c() =K, +e7 (K, cos/8t + K, sin/8¢) ?tzi)orec;)oc:gser
=K, +K,e" (cos V8t — @) components
Where, generated by
4 K 2 2 complex poles
@ = 1an g . and Kd, = '\u'II[KE + KS P P Sinusoidal oscillation generated by
K imaginary part of complex pole pair
2 CENA455: Dr. Nassim Ammour = ,11



Second-Order System

Case 3: Un-damped Response (€ = 0) : pole at the
origin that comes from the input and fwo imaginary
poles that come from the system.

C(s) = ) s=1j3

2
s(s™+9)
[a —O0and b = 9( [ two §ystem polesion
the imaginary axis

c(t)=K,+ K, cos(3t—¢)

There is no exponential term, so no decay.
(1)

21_ c(f)=1—cos 3¢

Jo
s-plane %ji’r
+ . I

-3

Case 4: Critically Damped Response (§ = 1) : pole at the origin that
comes from the input and two multiple real poles that come from the

0.4
0.2

0
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$ 9 9
C(S) = — two poles (double) on
s(s*+065+9)  s(s+3) the real axis at —3
[a=6andb:9( S :_31_3
, input 'polQ [—Sy stem polgs jo
—~ s-plane 4
- -3t - -3t
c(t)=K,+K,te” +K, e
% >0
There is no sinusoidal term, so no oscillation. 3
c(i)
} - :
c(f)=1—-3fe -
1
0.8
0.6



Second-Order

Over-damped responses
Two real poles at —o4, —0, All Together
c(t) = Kje™™" + Kpe ™
E>1 c(n)

'l

Two complex poles at —o; F jwy 2.0

ct) = Ae " cos(wyt — @)

0<&<1

{ Under-damped responses

1.6 [

Two imaginary poles at +jw;

Un-damped responses
c(t) = Acos(wt — ¢)

Two real poles at —ao;
EI:I]' = K-lf'_u"‘ + KEIE_U'I

{ Critically damped responses

System

Undamped

Under-
damped

gitically
damyped

Overdamped

Step responses for second-order system damping cases

CENA455: Dr. Nassim Ammour
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Second-Order System As a Function of Damping Ratio

Relationship between the quantities w,, and & and the pole location.

Solving for the poles of the transfer function

g Poles Step response
Example
. . " s-plane
For the system find the value of & and report the kind of (, +’ * 5o m
response expected. >‘<J ,
Undamped
Jj s-plane ()
R(s) 12 ) X 1 jon1-22
s2+8s+12 0<t<i . -c
2 X jan \[1- €2 Underdamped :
wn, 12
We have G(s) = = .»
s2+ 28wps + w2 s+ 8s+ 12 /- il
s-plane
» Wy = 12 » Wy = V12 ¢ =] %.':m" - /
I
Critically damped
and ZECUn =8 » E = 8 = 2 > 1 - 2 1'11:) e
g€>1 X—N—f— 0O
System is over-damped. / _;-(.,,,—m,,f /B :

CENA455: Dr. Nassim Ammour
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Underdamped Second-Order Systems

» The nature of the response obtained is related to the value of the damping ratio & (over-damped, critically damped,
underdamped, and un-damped responses.).

« Step response for the general second-order system,

C(s) = R(s)G(s) =—

Expanding by partial fractions, (§ < 1 the underdamped case )

1 w?

s %2+ 28wy,s + w2

N S & T
1 {S‘I'-;'Eﬂ”]ﬂ—ﬁmn 1-¢

C(s)=-— > >
. $ (8 + ¢wn)” + wf(1 - ¢°)
Inverse
Laplace ’
transform o |‘ . =
) (1) =1-e7"| cosm,\1-& 1+
\ 1*1—
1 ai
=1- “? e~ cc-s{m
ViTe
Where, @=tan™| ———
V=)

m C0s)=

‘Sl_llﬂ,? 1.“] St ]

o)

CENA455: Dr. Nassim Ammour
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@

M

K, Kstk,

s(s"+25ms+@ ) s

c(wy,t)

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2

0

s+2fo s+ @

The lower the value of (, the
2 more oscillatory the response is.

4
3 /—\
6 P
8

| | | | I 1 | | I 1 | | | | | | |

= (),t
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 '

Second-order underdamped responses for damping ratio values 15



Underdamped Second-Order Systems
Specifications
» Other parameters associated with the underdamped response are rise time, peak time, percent overshoot, and settl/ing time.

i . ) c(1)
Rise time tThe tlfme regtilrefdt;‘]or#helwa\l/efotrm A
Ty 0 §o Trom . ot the Tinal vallie 1o Co o - Second-order underdamped
0.9 of the final value. s response specifications
) 1.02¢qipy
The time required to reach the first, O \—: 1 < -
- . / N R
Peak time or maximum, peak. T il e
T T — 0'98("ﬁnal
p P =2
d,A1-¢&
B 0°9('fin‘1l
The amount that the waveform overshoots the steady- :
percent | state, or final, value at the peak time, expressed as a
overshoot| percentage of the steady-state value. - |
_ L1=£7 )
%0S | %05 =m="ma 100 €, =C(T,)=1+e ’
Cﬁnaf and C — 1 _(ET[ )
: final — * o lkos=e \ V18 x 100
. The time required for the transient's damped ©-1¢finai s
settling time ot N
oscillations to reach and stay within £2% of
Ts the steady-state value. - 7, = T, T

—In(0.02,1-&° |4 Derivation: se/f studly.

e

5 -
- *_-ﬁ-""ﬁ '?{uﬂ CEN455: Dr. Nassim Ammour
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Under-damped Second-Order Systems
Specifications (continued)
from the Pythagorean theorem

Damped frequency of oscillation

wi + ot = w?
o4 = Ew, -wd: /wrzl_oﬁz\/wrzl_zzwrzz - wdzwn\/TEZ
Damping Ratio
damped frequency of oscillation,
cos(9) = 24 = 5 _ N |
©n ©n = A jwal 1 — &2 = jmy

s-plane

[inversely proportional to the
imaginary part of the pole.
T u m (.-~ -7
P i P T
2 Iy -
o1-¢ o 1-5 o, |

[inversely proportional to the] |

real part of the pole.
: i oo k__ ______ - Jw,V1- sz_jwd
~Inf0.02y1-&*) 4 4 4
I,=— = |7

5 —_ —~

._f a f @ -.’: @, g, [exponent/'a/ damping frequency.
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poles move in a
vertical direction
(with constant real

part )

poles move in a
horizontal direction
(with constant
imaginary part )

poles move in along a .
constant radial line ‘
direction .

Under-damped Second-Order Systems

Step Response as Pole moves

« frequency increases

« envelope remains the same (constant real part)
» settling time is virtually the same
» overshoot increases, the rise time decreases

(1)
/

Envelope the same

As the poles move to the left, response damps 1)

out more rapidly.

peak time is the same for all waveforms

(constant imaginary part )

The percent overshoot remains the same.

The farther the poles are from the origin, the more

rapid the response.

(a)

Frequency the same

ve

()

(b)

Same overshoot

Y

CENA455: Dr. Nassim Ammour

(e)

Jjm

2o
—_ N W

s-plane
(8}
Pole
| motion
2
3
0}
O T
K
s-plane
o
Pole
motion
X
2 1

3 Jw
2
| s-plane
Pole
motion
|
2

3

18



Finding TP, %0S, and TS From Pole Location

Problem:  Given the pole plot find §, w,, T, %0S, and Ts. jo
A
Solution: X J7=jay
Damping ration, £ = cos(8) = cos[arctan(7 / 3)] = 0.394. y-plane
Natural frequency, ws = w3+ 05 ™ w, = |w2+02=+72+32=7616
7
0
Peak time, 7= =2 _-0.449 second /
mﬂ' 7 -3 =—=0y
_<En/ )
Percent overshoot, o405 = e V1-8/) % 100 = 26%
4 4
The approximate settling time, I, =—=—=1.333 second
g, 3
X —J71=—joy

CENA455: Dr. Nassim Ammour 19



System Response with Additional Poles

 If a system has more than two poles or has zeros, we cannot use the formulas to calculate the performance
specifications that we derived.

« \We need to approximate that system to a second-order system that has just two dominant complex poles.

Assuming two complex poles at —<&@, £ j@, 4/1-&

And the real poleat —¢,

Time domain step response, ¢(7) = 4u(f)+e**(Bcos®,+ Csin @1 )+ De ™

Case I: a, is not much larger than Co,.

X Can’t be approximated as 28d-order system.

Case IT: @, 1s much larger than Co,.

Can be approximated as 2%¢-order system.

Case III: o, = o=.

Pure 2™-order system.

CEN455:

jw

Jjo Jjar

P P1 P
Ps X s-plane X s-plane X s-plane
% - O X - (7 - (7
—Q Ew, — &, =&w, =&my,
X X X
P2 P2 P2
Case | Case 11 Case III
(a)
Response
11 Au(t) + ¢ E(B cos wyt + C sin )
1l
Case |
0
1 De™ %!
Case |

Dr. Nassim Ammour

(b)

'0

= Time



Comparing Responses of Three-Pole Systems

24.542
T(s)=— » 2%-order system
5" +4s+24.542
24.542 -
I,(s)= - » 3"-order system. nondominant pole at -10
(s+10)(s” +4s5+24.542)
24.542 4 -
T.(s)= ; » 3™ -order system. nondominant pole at -3
(s+3)(s” +45+24.542)
1.4 A—
c1(1)
1.2 - Cc,(1) 1s a better approximation of ¢(t)
Q
£ 1.0
73
Sost
kS if the real pole is five times system is represented by
E 06T farther to the left than the its dominant second-
E 04 L dominant poles order pair of poles.
02
| | | | | .
0 0.5 1.0 1.5 2.0 2D 3.0

; 21
Time (seconds) CEN455: Dr. Nassim Ammour



Evaluating Pole-Zero Cancellation

Effect of a zero on the system: A system with a zero consists of the derivative of the original response and the scaled version of the original
response. If the zero is very large, the Laplace transform of the response is approximately the scaled version of the original response. As the

zero becomes smaller, the derivative term contributes more to the response and has a greater effect. (s + a)C(s) = sC(s) + aC(s)
. derivative < \ scaled
pole-zero cancellation response response
Problem: For any function for which pole-zero cancellation is valid, find the approximate response.
€ (s) = 2625(s+4) «_ 16 b
S35 +5)(s+6)  T—0 Laf et of adding & z¢r0
Zero is at -4 0 a two-pole system
C.(5) = 26.25(s+4) «— 12}
Solution: ’ s(s+4.01)(s+5)(s+6) g 10
i «— Residue=1  EO08
: . - - 1 35 35 1 s
The partial-fraction expansion of C;(¢t) is C,(s)=————+ _ 2 06
' § §+5 Ss+06 5+3.3 04
- - - - . / - ﬂ.2
That residue (1) is not negligible. So a 2~-order step response Nearestpole =-3.5 close fo zero . . .
approximation cannot be made for C; (¢). ’ " e ceconte o
S ow . _
_ _ - _ 0.87 5.3 a4 0.033 Residue = 0.033
The partial-fraction expansion of C,(t) is  Ci(s)= — + +—

§ 545 546 .S'__-.:Ffil.{}l
¥~ Nearest pole
That residue (0.033) is negligible, so cancel zero and that pole.

. =~ ~ =5t A -G
Hence, the approximate response,  C,(7) =0.87-5.3e7" +4.4e
CENA455: Dr. Nassim Ammour 22



2. Stability

Stability is the most important system specification,

the total response ]

C(t) = Cforced (t) + Cnatural (t) ﬁ of a system

Stable systen. 1 natural response approaches zero as time approaches infinity (LTI System).

Marginally stable systenr. 1f natural response neither decays nor grows but remains constant or
oscillates as time approaches infinity.

B/BO (Bounded Input, Bounded Output) yields stable system.

Stable systems have closed-loop transfer functions with poles only in the left-half plane.

A
jo A j150s b X
| -plane
X {1047 A . P
s-plane
1 S X | -o _ N/ /\
% I -0 < -3.087 0.0434 T 1
Sen 0led N/AVAVAVRIRVEVE N
1505 - X 0 Visl/ 30
X + —j1.047 00 1|5 3|0 > Unstable system's -l \/
Stable system's Time (seconds) closed-loop poles Time (seconds)
closed-loop poles

(not to scale)

(not to scale)
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This method Provides stability information with solving for system poles.

Routh Table Generation:

Routh-Hurwitz Criterion

\—> How many poles are in left / right plane or in jwaxis, not where

R(s) N(s) C(s)
—— -
0484 + a3s3 + a282 taistag
Denominator: ags*+ axs® +ays®+a s +ag
3'4 dy dy dp
5‘3 aj aj 0

Completed Routh table

day ay dy
as aj 0
_|a4 az _ |44 Qo aq 0’
as a — b as 0 — b as 0 —0
as ! as 2 as
_ |93 a oz 0 a; 0
by b by 0 by 0
= = =0
by “ b 0 b
by by b0 by 0
C1 0 _ dl Cq 0 ~0 C1 0 ~0

CEN455: Dr. Nassim Ammour
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Routh-Hurwitz Criterion: Example
PROBLEM: Make the Routh table for the system shown in Figure

SOLUTION: The first step is to find the equivalent closed-loop

system G(s)

R(s) + g E(s)

1000
(s +2)(s+3)(s+35)

C(s) N

T

1+G(S)

Interpreting the Basic Routh Table

How many sign changes in the first column -
the number of poles in the right-half plane

™ Two such poles : unstable system.

(a)

R(s)

1000 C(s)

s34 1052+ 31s + 1030

r/ \\
s3 1 31 0
52 A1 Q\ 1030 103 0
1 31 (ﬁ 10 10
B G S
_' 1 103| (ﬁ _l 1 0' _l 1 ol
0 —7_272 0l _ o3 —_7722 o _, —_7722 o _,

the first column

CEN455: Dr. Nassim Ammour
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(b)

by a positive number. the

Any row can be multiplied
row was multiplied by 1/10

the number of roots of the
polynomial that are in the
right half-plane is equal to
the number of sign
changes in the first
column.

25



Routh-Hurwitz Criterion: Special Cases

1

. Zero Only in the First Column

If the first element of a row is zero,
aivision by zero in the next row

replace the zero by epsilon,e (very small quantity
positive and negative) in the first column.

10
Example: T(s)=— y . >
S°+2S +35°+6S°+5bs+3
Label First Column € = + € = —

§° 1 3 5 5-5 1 + +
84 2 6 3 S4 2 + +
§3 X € % 0 s X € + —

6 — 7 8'2 66 - 7 _ 4
52 € 3 0 : €

€
42e — 49 — 62 1 42e€ — 49 — 6e*

s 12¢ — 14 0 0 ’ 12¢ — 14 + +
s? 3 0 0 s0 3 + +

CEN455: Dr. Nassim Ammour
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Routh-Hurwitz Criterion: Special Cases

The polynomial that has the reciprocal roots of the original, is another method that can be used

when a zero appears only in the first column of a row.

reciprocal roots (s is replaced by 1/d),

(E)ﬂ+ﬂu—1(l)"_1+“'+ﬂ[(1)+ﬂ-l}=ﬂ

d d d

1" 1 =1 1 (1=w) 1% "
(E) 1+ﬂn_|(a> +'-'+H1(E) +aﬂ(3) ]

d

Example:
10

= (l) 1 +ﬂn—1ff+'-'+ﬂ1d(”_1]+ﬂutf"] =0

T(s) =
(5) s° +2s5* +3s° +65° +55+3

Reverse coefficients:

D(s) =3s° +5s* +65° +3s° + 25 +1

Since there are two sign changes, the system is
ﬂ unstable and has two right-half-plane poles

a4 ag =0

s 3 6 2
54 5 3 |
5° 4.2 1.4
52 1.33 |

(

S
s —1.75

—
50 L’ |

CEN455: Dr. Nassim Ammour
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Routh-Hurwitz Criterion: Special Cases
2. Entire Row Is Zero

An entire row consists of zeros because there is an even polynomial that is a factor of the original
polynomial (only even powers of s and have roots that are symmetrical about the origin.)

Example: 10
4 2 T(s)= 5 4 3 2
P(s)=s"+6s"+8 S°+7s" +65° +425° +8s5+56
dP(S) — 433 +125+0 % Derivative of the polynomial of the row above the zeros row ]
ds
5> 1 6 8
The Tow was
R 4 multiplied by }
" g A 1 47 6 56 8 o
entire row
—> 5‘3 0 A4 1 g 73 O 0 0 4 consists of zeros }
52 3 8 0
s! l 0 0
3
50 8 0 0

Stable system.
CEN455: Dr. Nassim Ammour



Pole Distribution via Routh Table
with Row of Zeros

PROBLEM:

Tell frow many poles are in the right half-plane, in the

Jeft half-plane, and on the ji-axis,

T(s) =

4

A

20

4p Taking the derivative
(5) =4s°+65+0

S e row was muitiplie 14

:Even polynomial

1/10

[ the row was multiplied by 1/20 ]: :

[ entire row consists of zeros ]

V|gn changes |

[ the row was multiplied by 1/2 ]\

s® +57 +125° +225° +39s* +59s° + 4852 + 385 + 20

P(s)=s"+3s°+2

Interpretation

* No sign changes exist from the s* row
down to the s° row (even polynomial does

not have right-half-plane poles, all four of its

poles are on the jw-axis by symmetry)

« The remaining roots (from s row down
to the s* row.) two sign changes, thus the
other polynomial must have two roots in

the right half-plane and two poles 1n the left

half-plane.

J // Two

' No sign chang,é / |

Polynomial
Even Other Total
Location (fourth-order) (fourth-order) (eighth-order)
Right half-plane 0 2 2
Left half-plane 0 2 2
jo 4 0 4
58 1 12 39 48 20
s’ 1 22 59 38 0
0 -H—-1 —20-2 1 20 2 0
$ X1 o0 3 40 2 0 0
st 1 3 2 0 0
53 A 2 o 6 3 L0 8 0 0 0
2 3
) .-2/ 3 2 4 0 0 0
1
1 L
S 3 0 0 0 0
50 4 0 0 0 0

CENA455: Dr. Nassim Ammour
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Stability Design via Routh-Hurwitz

Changes in the gain K of a feedback control system change the closed-loop pole locations (can move poles
from region to another region on the S-plane).

PROBLEM: Find the range of gain, K, for the system that will cause the system to be stable, unstable, and
marginally stable. Assume K > 0.

[ Variable gain K &

K

Cls)

R(s) + E(s)
% s(s+7)(s+11)

T(s)=

1. If K< 1386, then stable system.

2. If K> 1386, then two sign changes; two right-half plane
poles and one left-half plane pole. Unstable system.

3. If K=1386, an entire row of zeros = jm poles.

can be positive,
zero, or negative

Row of
zeros

no sign changes from the even polynomial( s?to s°)
no sign changes above the even polynomial

K -
11852+ 775+ K / replacing K=1386
dP(s)
_ 2 _
$3 1 77 P(s)=18s"+1386 = ™ =36s5+0
5° 18 / K 3 1 77
/

; 1386 — K S $2 18 1386
’ 8 k=

(@]

c s B 36 ~
sV K ?)

§ s0 1386

m 2 polesin /o axis and one left-half plane pole
the system is marginally stable

CENA455: Dr. Nassim Ammour
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Factoring via Routh-Hurwitz

The Routh-Hurwitz criterion is often used in limited applications to factor polynomials containing even

factors.
PROBLEM:  Factor the polynomial

s* +3s%+30s° +30s+200 (1)

1

e Row s" is arow of Zeros

* Form the even polynomial at
the 52 row:

P(s)=s*+10 (2)

stis arow
of Zeros

)

« Dividing polynomial (1) by (2) yields:

s* +3s® +30s* +30s + 200 = (s* +10)(s* + 3s + 20)

=(s+ J3.1623)(s— j3.1623) x (s +1.5+ j4.213)(s +1.5— j4.213)

CEN455: Dr. Nassim Ammour

s* + 353 +30s%2+ 30s+ 200

—s*—-10s2

s 1 30 200
5 S 1 2010
52 207 1 200 10
5! A2 A7 0 4“\
59 10
s +3s+20
e 52+ 10

3s3 +20s2 + 30s + 200

—3s53 —30s

20s2 + 200
—20s2%— 200

0



Stability in State Space

« The values of the system's poles are equal to the e/genvalues of the system matrix, A.

* FEigenvalues of the matrix A are the solutions of the equation det(sl — A) =0

PROBLEM: find out how many poles are in the left half-plane, in the right half-plane, and on the jw-axis.

0 3 171 [0
X=| 2 8 1 |x+|0|u
-10 -5 -2| | 0]
y=[1 0 O]

SOLUTION:
(SI_A)Z(S) (S) 8— 2 2 1 — _82 8—38 _i:: » det(Sl—A):s3_632_7S_52

00 s||-10 -5 -2| |10 5 s+2
Using this polynomial, form the Routh table

53 1 —7 ) i
: one sign change. One right-half-plane pole and two

2 & —3 _57 26 left-half-plane poles.
» Unstable system.

g —jz -1 0
3
sV —26

CENA455: Dr. Nassim Ammour
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3. Steady-State Errors

Steady-State Error: The difference between the input and the output for a prescribed test input (step / ramp

/ parabola) as t >

[
Input 3

~— Qutput 1 ()

control systems

Test waveforms for evaluating steady-state errors of position

Physical
interpretation

Time
function

Laplace
transform

Constant position

Constant velocity

Constant acceleration

| =

G
(¥

fa—y

_ Waveform Name
N i Step
~— Qutput 2
step input
— !
- rit)
Time Ramp
(@)
[
. e(o0) - d
ramp input o
Parabola
<+ Qutput 2
§ Input —». /
1
Output 1
<+—— Qutput 3
Time -

(b)
Steady-state error

CEN455: Dr. Nassim Ammour
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Evaluating Steady-State Errors;,

Many steady-state errors arise from nonlinear sources, such as backlash in gears.

T(s)is the closed-loop transfer function,

+
R(s) C(s) — E(s)
. = T(s) [— >
input output Error

Closed-loop control system error

E(s)=R(s)—-C(s) and C(s)=R(s)T(s)

Problem: Find the steady-state error for
the following system with
5
s*+7s+10
and input is step response.
Solution:
Step input

T(s)=

R(s) =%

=|E(S)=R(S)[1-T(s)]| <

Applying final value theorem [f () = !Serg sF(s)]

e(c0) = !Ln; e(t) = Islgg SE(s) = Islirg SR(S)[L-T(s)]

We have the error  E(S) = R(S)[L-T(s)]

s’ +7s+5
m) E(s)=
(5) s(s* +7s+10)

7(s) is stable, hence £(s) is stable.

Applying final value theorem,
. . s?+7s+5
e(e0) = lim sR(s)[1 = T()] =lim s 7= =70y

e(w0)=1/2

34
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E(s) = R(s)-C(s),

Evaluating Steady-State Errors,

* Forward transfer function G(s) with a unity feedback.

R@)+—§§ E(s)

— E(s) =)
1+G(s)
e(e0) = lim SR(S)
5201+ G(S)

G(s)

C(S)._

|

and C(s) =E(s)G(s)

[Final-value theorem]

Ramp input: tut)

E(OO) = eramp (OO) - Isl_r)r(} 1+ G(S) =

s(l/s?) im

11
-0 5§+ 5G(S) IingsG(s)

For zero steady-state error, lImsG(s) = co

Step input: ut)

Parabolic input: (1/2)t2uAt)

e(oo) = Cstep (OO) =

s(1/s) _ 1

lim

&w1+G@)_1+mgG@)

e(0) =e i =1lim -
(OO) parabolic (OO) s—0 1+ G (S)

s@U/s®) i

1 1

-0 5% +5°G(S) - lim s’G(s)

For zero steady-state error,

s—0

lim G(s) = oo

For zero steady-state error, |

ims*G(s) =

s—0

CEN455: Dr. Nassim Ammour




Evaluating Steady-State Errors examplel

R(s) + E(s) |

120(s + 2)

(s +3)(s+4)

C(S)-

((t): unity step

e3(c)

Problem:  Find steady-state errors for inputs 5u(t), 5tu(t), and 5t2u(t) to the above system.
Solution:  Let, the system is stable.
‘ r
5U(t) . E(OO) = - > = 5 = 3 ﬁ (=)
1+limG(s) 1+20 21 - ., !
5 5 ~+— Qutput 2
Stu(t): e(0)=————===o
Ilrrg sG(s) O
s—
5t2U(t) . e(oo) =— 120 — E e (@)
Img s°G(s) O

1
2 _ 2
5tcu(t) = 10 (Et u(t)) m) 10 €, bolic

c(t)

CEN455: Dr. Nassim Ammour

<= Output 2

Output 1
<— Qutput 3

Time
(b)
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Evaluating Steady-State Errors-example2

R(s) + E(s) 100(s + 2)(s + 6) Cls)
ig s(s +3)(s +4) j

100(s + 2)(s + 6)

G(s) =
() s(s +3)(s +4)
L SRS EELSEEE One integration, st
5u(t): e(e) = —— 5 — il -0 No i_ntegrati_on will ma!(e it constant,
1+ |IIT3 G(s) o one integration makes it zero.
5 5 1

_ = = No integration will make it infinity.
limsG(s) 100 20 one integration makes it constant.

s—0

S5tu(t): e(w) =

5t2u(t):  e(o0) = 10 _10 _ o Two integrations will make it constant
' lims®G(s) 0 and 3 or more will make it zero.

s—0

CEN455: Dr. Nassim Ammour
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Static Error Constants

The steady-state error performance specifications are called static error constants.

steady-state error.

1 1

1 +L1-ﬂ6(s) 1+ K,

step input, u(t)

Ectep (e2) =

1 1

- ramp input, t u(t
Iin&sﬁ{s) K, P 1np ()

Eram P {W) =
1 1

€parbola (©?) = 1'“.}5‘2—5(5] =K.
5—!

Parabolic input% t2 u(t)

Position constant, Kp:

- 1
K, =1limG(s) (=) =

s—0

Velocity constant, K,

K, =limsG(s) e(20) = =

50 K

Acceleration constant, K.

K, =lims’G(s)  e(=)=—

s—0 K

PROBLEM: _
evaluate the static error constants and find the expected error

for the standard step, ramp, and parabolic inputs.

R(s) + < E(s) 500(s +2)(s + 5)(s + 6)

s(s +8) (s +10)(s +12)

)

K, =limG(s) =

s—0

=31.25

K. = lim sG(s) = 500x2x5x%x6
s—0 8x10x12
K, =1lims°G(s) =0

s—0

i 1
For stepinput, e(c0)=——=0
pinput, () i K

p

1
K, 31.25

v

For ramp input, e() = =0.032

For parabolicinput, e(«) = Ki = o0

a

CEN455: Dr. Nassim Ammour
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System Type

we define system type to be the number of pure integrations (s™) in the forward path.

R(s) +

Es) | Kstz)stz)-- )
|.-vs"(s +p)(s +py) -

Type 0: if n=0; (no integration)

C(s) .

Type 1: if n=1; (one integration) R(s) b <N EE) K(s +5)
= S(sT6)(stT)s+8)
Type 2: if n=2; (two integrations)
Problem:  Find the value of K'so that there is 10% error
in the steady state.
Solution:  Type 1. Input should be ramp, because only ramp

yields a finite error in Type 1 system.
e(w) = L 0.1
e :

v

K X5 _5xK
6x7%x8 336

=>Kv=10=sli_n>1036(s)= = K =672

CENA455: Dr. Nassim Ammour
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System Type

Relationships between input, system type, static error constants, and steady-state errors

Type 0 Type 1 Type 2
Steady-state Static error Static error Static error
Input error formula constant Error constant Error constant Error
1 1
— = K =
Step, u(r) K, Kp = Constant 7K, Ky =00 0 5 = 00 0
Ramp, ru(r) 3:1— K,=0 00 K, = Constant Kl K, =0 0
1 1 1
Parabola, E.!ju{t] K. K,=0 o0 K,=0 00 K, = Constant i
CEN455: Dr. Ghulam Muhammad
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Steady-State Error for Disturbances

Feedback control systems are used to compensate for disturbances or unwanted inputs that enter

D(s)

disturbance ]

a system.

Cis)

Controller Plant
2 L %)——E(s) G\(5) % Ga(s)

C(s) = [E(5)G1(s) + D(s)]G2(s)
® C(s)= E(5)G,(5)G,(5)+D(s5)G,(s)

But C(s)=R(s)—E(s)
® R(s) — E(s) = E(5)G,(5)G(5) + D(5)G,(S)

® R(s) = E(s) + E(5)G,(5) G, () + D(5)G,(8)
1 2 G, (s) D(s)

R FTTR XS R WY BTeTE

e(0) = Islgg) SE(S) =eg () +e, ()

S steady-state error
eg (o0) = lim (s) due to R(s),

5201+ G1(5)G; (5)

e (oo) =—lim sG (S) (S) steady-state error due
s>01+G (S)G (S) <! to disturbance Dfs),

Problem:
Find the steady-state error component

due to a step disturbance
Gi(s) D(s) Ga(s)

1 C(S)‘

Controller Plant
+
R(s) + E(s) 1000 +
% s(s+25)

Solution:

! = L = —0.001
~ 041000

ep() = -
ll_r)% G0 + 11m61 (s)

steady-state error due to ]

L , forstepdisturbance

lim +1im G,(s)
s—0 (_;2 (S) s—0

————_ step disturbance D(s)=1/s,

CEN455: Dr. Nassim Ammour
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Steady-State Error for Nonunity Feedback System

Form a unity feedback system by adding and subtracting unity feedback paths (input and output units must
be same.).

Ris) + Ef5) Gis) Cis) -
R(s) + E(s) G(s) C(S)=
R(s) + con Eu(s) Gs) s @‘? 1+ G(s)H(s) — G(s)
- His)
H(s) | -
PROBLEM:
Find the system type, error constant, and the steady-state error for a unit step input.
G(s 100(s+5
RG) + o Es) | 100 ) _ G.(s) = (s) __ 2( )
A s(s +10) ':> 1+G(s)H(s)-G(s) s°+15s5°—-50s—-400
1
(s+5) |
Type 0 (as no integration).
ype 0 gration) C i (o) _100x5_ 5
For step input, static error constant is Ko, =) K, = MG, (s) =— 200 2
Negative value means the output step is larger «——  e(w) = L _ 15 =-4
than the input step. 1+K, 1—Z

CEN455: Dr. Nassim Ammour 42
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