Chapter 3
Arithmetic for Computers



3.1 Introduction

« Bits are just bits (no inherent meaning)
— conventions define relationship between bits and numbers

 Binary numbers (base 2)
0000 0001 0010 0011 0100 0101 0110 0111 1000 1001...
decimal: 0...2"-1

« Of course it gets more complicated:
numbers are finite (overflow)
fractions and real numbers
negative numbers
e.g., no MIPS subi instruction; addi can add a negative number

« How do we represent negative numbers?
I.e., which bit patterns will represent which numbers?



3.2 Signed and Unsigned Numbers

Sign Magnitude: One's Complement Two's Complement

000 =+0 000 =+0 000 =+0
001 =+1 001=+1 001=+1
010 =+2 010 = +2 010 =+2
011 =+3 011 = +3 011 =+3
100 =-0 100 = -3 100 =-4
101 =-1 101 =-2 101 =-3
110 =-2 110=-1 110 =-2

111 = -3 111 =-0 111 =-1

 Issues: balance, number of zeros, ease of operations
 Which oneis best? Why?



MIPS

32 bit signed numbers:

0000
0000
0000
0111
0111
1000
1000
1000
1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0000
0000

1111
1111
0000
0000
0000

1111
1111
1111

0000
0001
0010

two
two

two

1110
1111
0000
0001
0010

two
two
two
two

two

1101
1110
1111

two
two

two

=+ 2

= + 2,147,483, 646
+ 2,147,483,647
- 2,147,483,648
- 2,147,483,647
= - 2,147,483, 646

ten
+ 1

ten

ten

-3
- 2
-1

ten
ten

ten

. maxint
te /

ten
eSS miinint
ten

ten



Two's Complement Operations

 Negating atwo's complement number: invert all bits and add 1
— remember: “negate” and “invert” are quite different!

« Converting n bit numbers into numbers with more than n bits:
— MIPS 16 bit immediate gets converted to 32 bits for arithmetic

— copy the most significant bit (the sign bit) into the other bits
0010 -> 0000 OO1O0
1010 -> 1111 1010

— "sign extension®: (lbu vs. Ib)

(Ihu vs. Ih)



3.3 Addition & Subtraction

 Just like in grade school (carry/borrow 1s)
0111 0111 0110
+ 0110 - 0110 - 0101

« Two's complement operations easy

— subtraction using addition of negative numbers
0111
+ 1010

 Overflow (result too large for finite computer word):

— e.g., adding two n-bit numbers does not yield an n-bit number
0111
+ 0001 note that overflow term is somewhat misleading,
1000 It does not mean a carry “overflowed”




Detecting Overflow

 No overflow when adding a positive and a negative number
 No overflow when signs are the same for subtraction
 Overflow occurs when the value affects the sign:

— overflow when adding two positives yields a negative

— ofr, adding two negatives gives a positive

— or, subtract a negative from a positive and get a negative

— or, subtract a positive from a negative and get a positive
« Consider the operations A+B,and A-B

— Can overflow occur if Bis0?

— Can overflow occur if Ais 0 ?



Effects of Overflow

 An exception (interrupt) occurs

— Control jumps to predefined address for exception

— Interrupted address is saved for possible resumption
« Details based on software system / language

— example: flight control vs. homework assignment

« Don't always want to detect overflow
— new MIPS instructions: addu, addiu, subu

e add, addi, sub . cause exception on overflow
¢« addu, addiu, subu:do not cause exception on overflow

note: addiu still sign-extends!
note: sltu, sltiu forunsigned comparisons



addu $t0, $tl1, S$t2
xor $t3, S$tl1, S$t2
slt $t3, $t3, $zero

bne $t3, $zero, No overflow

xor $t3, $t0, S$tl
slt $t3, $t3, $zero
bne $t3, $zero, Overflow

Different sign=»No Overflow
Same sign =» Possible
+, + result —

-, - result +

For unsigned addition ($t0= $tl1+ $t2), thetestis

addu $t0, S$tl, $t2

nor $t3, $tl, S$zero

sltu $t3, $t3, $t2

bne $t3, $zero, Overflow

if (t1+t2 > 232-1) overflow
NOT $t1 = 232-$t1-1
232-$t1-1 < $t2 =>» overflow



3.4 Multiplication

« More complicated than addition
— accomplished via shifting and addition
« More time and more area
 Let's look at 3 versions based on a gradeschool algorithm

0010 (multiplicand)
x 1011 (multiplier)

 Negative numbers: convert and multiply
— there are better techniques, we won’t look at them
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Multiplication: Implementation

-

Multiplicand

Shift left

\

64 bits

64-bit ALU

Product
Write

64 bits

[

Multiplier
Shift right

<

32 bits

Control test

AN

Datapath

( Start ’

A

Multiplier0 = 1 1. Test

MultiplierO

\

la. Add multiplicand to product and
place the result in Product register

Multiplier0 = 0

Y Y
2. Shift the Multiplicand register left 1 bit

Y
3. Shift the Multiplier register right 1 bit

l

No: < 32 repetitions

32nd repetition?

Yes: 32 repetitions

Control
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Final Version

*Multiplier starts in right half of product

Multiplicand
32 hits

\ Y

32-bitay ¥
—_—

Product

Shift right
Write

64 bits

f

What goes here?

Product0 =1 1. Test Product0 =0

ProductO

— |

3. Shift the Product register right 1 bit

l

No: < 32 repetitions

32nd repetition?

Yes: 32 repetitions
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Faster Multiplication

Mpliert = Mcand  Mplar « Meand
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3.6 Floating Point

e Real Numbers:
3.14159265...,, (7)
2.71828...., (e)
0.000000001,, or1.0

3,155,760,000
« Scientific notation: single digit to the left of the decimal point (last two numbers).

x107° (secondsin a nanosecond)

ten

or 3.15576,,. x10° (secondsin a typicalcentury)

ten ten

 Normalized: scientific notation that has no leading Os. for example:
normalized: 1.0;5,%109

not normalized:  0.1,,,%10® and 10.0,,,%1010

« Binary numbers:
1.0,,0%271

two

L XXXXXXXX Xy 0 X 2YYYY
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v Floating-Point Representation

* sign, fraction, exponent
« size of fraction and exponent
« sizeof fraction =» enhances the precision of the fraction.
size of exponent =¥ increases the range
* Floating-point numbers are usually multiple of the size of a word.
« MIPS representation (called s/gn and magnitude):

31 0
S exponent fraction
1 8 bits 23 bits

* In general, floating point numbers are generally of the form:
(-1) sSxFx2E
« Range: numbers almost as small as 2.0,.,,%10°8 and as large as 2.0,,,%x10%®
* Overflow and Underflow
« Toreduce chances of overflow and underflow : Double precision format
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Continue

The representation of a double:

S exponent fraction

1 11 bits 20 bits

fraction (continued)

32 bits

Numbers almost as small as 2.0,.,%102% and almost as large as 2.0,.,%103%
IEEE 754 makes the leading 1 bit of normalized binary numbers implicit.
Thus, 24 bits long in single precision(1+23) and 53 in double.

Zero has no leading 1, it is given reserved exponent value 0.

Thus 00 ... 00,,, represents O; the rest of the numbers uses:

(-1)sx (1+Fraction) x2E
Where, Fraction between 0 and 1
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Continue

Single precision Double precision Object represented
Exponent | Fraction | Exponent | Fraction
0 0 0 0 0
0 nonzero 0 nonzero + denormalized number
1-254 anything 1-2046 anything 1 floating-point number
255 0 2047 0 + infinity
255 NnonNzero 2047 Nnonzero NaN (Not a Number)

The above Table, shows the IEEE 754 encoding of floating-point numbers
Special symbols for unusual events:

divide by zero = x> =» |argest exponent

0/0 or ©-°0 = NaN

For integer comparisons = sign is the most significant bit
Placing exponent before the significand also simplifies sorting of floating-

point numbers using integer comparison.
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Continue

* Negative exponent pose a challenge to simplified sorting. If we use 2’s
complement for negative exponents, then, 1.0,,, x 2t would be
represented as:

0 1111 1111 0000 0000 0000 0000 0000 00O

and the value 1.0,,,, x 2"t would look the smaller number:

0 0000 0001 0000 0000 0000 0000 0000 00O

« Desirable notation: most negative exponent = 00...00,,,
most positive exponent = 11...11 .

 This is called biased notation. with the bias being subtracted from
normal.

 |EEE 754 uses a bias of 127 for single precision, and 1023 for double.

(-1)s x(14Fraction) x 2 (Exponent-Bias)
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Example: Floating-Point Representation

Example: Show the IEEE 754 binary representation of -0.75 in single and double.

-0.75,,, in scientific notation: -0.11,,,, x2°

and in normalized scientific: -1.1,,, X271

(-1)® x(1+Fraction) x2(Exponent-127)

(-1)! x(1+.12000 0000 0000 0000 0000 000,,,,) x2(126-127)

1 0111 1110 1000 0000 0000 0000 0000 000

. For double: (-1)t x(1+.1000 0000 0000 0000 0000 ... 0000,,,,) x2(1022-1023)

1 0111 1111 110 1000 0000 0000 0000 0000
1 11 bits 20 bits

0000 0000 0000 0000 0000 0000 0000 0000
32 bits
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Example: Converting Binary to Decimal Floating Point

Example: What decimal number is represented by this single precision float?

1

1000 0001

0100 0000 0000 0000 0000 000

Sign bit=1

using the basic equation:

exponent=129

fraction=1 x22=1/4, or 0.25

(-1)s x(1 xFraction) x2(Exponent-Bias) = (-1) x(1+0.25) x2(129-127)

= -1 x1.25 x22
=-1.25 x4
=-5.0
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v Floating-Point Addition

Algorithm (assume 4 decimal digits of the significand and two for the exponent)
9.999,.,x10!+ 1.610,,, x10

Stepl: align the number that has the smaller exponent
1.610,,, x101=0.016 x10?
Step2: add the significands:
9.999,.,
0.016,,,,
10.015,,,

Step3: normalize the sum: 10.015,,, x10'=1.0015,,, x10?

Step4: Round: the number 1.0015,,, x10?is rounded to 1.002,,, x10

ten
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Continue

 In Step3 we normalize the results, forcing a check for overflow and
underflow.

« All zero bits in the exponent is reserved for representing zero. Also,
the pattern of all one bits in the exponent is reserved.

 Thus, for single precision, the maximum exponent is 127, and the
minimum is -126. The limits for double are 1023 and -1022.
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Example: Decimal Floating-Point Addition

Add the numbers: 0.5,,, and -0.4375

0.5

=1.000

two

ten

x2-1

-0.4375,,,= -1.110,,,, X2

Step1:
Step2:
Step3:

Step4:

-1.110,,,, x2-2= - 0.111,,,, X2
1.000,,,, x21+(-0.111,,,, x21)=0.001,,,, x21
Normalize the sum 0.001,,, x21=1.000,,,,x2*

Since 127 2 -4 2-126 = no overflow or underflow
Round the sum: already fits 1.000,,,, x2*

1.000

two

x24=1/24 .= 1/16,,,=0.0625 = 0.5+(-0.4375)
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Continue

( Start )

Y

1. Compare the exponents of the two numbers.
Shift the smaller number to the right until its
exponent would match the larger exponent

Y
2. Add the significands

»

\

3. Normalize the sum, either shifting right and
incrementing the exponent or shifting left
and decrementing the exponent

|

Overflow or
underflow?

Y

( Exception )

4. Round the significand to the appropriate
number of bits

Still normalized?

Done
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Floating point addition

| Sign | Exponent | Fraction | | Sign | Exponent | Fraction ( start )

[
\/
Y Y 1. Compare the exponents of the two numbers.
NV Shift the smaller number to the right until its
Small ALU exponent would match the larger exponent
\
\
Exponent 2. Add the significands
difference
\ A | Yy Yy >
(o 1 )= »Co 1) |—>Co 1) Y
3. Normalize the sum, either shifting right and
\ incrementing the exponent or shifting left
Control Shift right and decrementing the exponent
AA v v l
Big ALU Overflow or
g underflow?
\
? Exception
\ Y ( )
—(C0 1 —( 0 1
4. Round the significand to the appropriate
number of bits
L] Increment or | L] ghit |eft or right
decrement
T

Still normalized?

| Rounding hardware

\

Sign | Exponent Fraction

\/
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v Floating-Point Multiplication

Example: 1.11,., x10%9 x 9.200,,, x10°
Assume 4 digits for significand and 2 digits for exponent.

Step 1. Add biased exponents: (10+127)+(-5+127)-127 =132
Step 2. Multiply the significands
1.110,,,
% 9.200,¢,
0000
0000
2220
9990
10212000,

The product = 10.212000,,,=<» 10.212 x10°

Step 3. Normalize the product:
10.212,,, x10°=1.0212,, x10°
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Continue

Step 4: Round the number  1.0212
1.021
Step 5: Set the sign of the product:
+1.021

ten

ten

ten

x106

x106

x106
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Example: Decimal Floating-Point Multiplication

Lets multiplying 0.5 by -0.4375

In binary: 1.000,,.,x21 by -1.110,,, X2

two two

Step 1: (-1+127) + (-2+127) - 127 = 124
Step 2: 1.000,,,,
x 1.110
0000
1000
1000
1000
1110000

two

two

The product: 1.110000,,, x23 = 1.110,,, %23

two



Continue

Step 3: Itis already normalized, and since 1272-3 2-126 no Overflow
or underflow.

Step 4. Rounding the product:
1.110,,,, x23

Step 5: -1.110,,,, x23

Converting to decimal to check our results:
-1.110,,,, X23 =-0.00111,,,,
=-7/2%, = -7/32,,,= - 0.21875,,,

Indeed: 0.5 x-0.4375,,, = - 0.21875,,,

29



Continue

Ce=D

!

1. Add the biasad expanenis of the two
numbers, subtracting the bias from tha sum

1o get the new blased exponent

| 2. Mutioly the signiicands |

-

1

3. Normaizs the product It necessary, shifing
£ right and incrementing the axpanent

s.&momduﬁwammnu
signs of the original operands are the same;
¥ thay d#er make the sign negative

G
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v Floating-Point Instructions in MIPS

« MIPS Supports the IEEE 754 single precision and double with these instructions:

= Floating-point addition (add. s) (add.d)

= Floating-point subtractions (sub. s) (sub.d)

= Floating-point multiplication (mul.s) (mul.d)

= Floating-point division (div.s) (div.d)

= Floating-point comparison (c.x.s) (c.x.d) where x may be (eq) (neq)
(1t) (1e) (gt) (ge)

= Floating-point branch, true (bclt) and false (bclf£)

« Separate floating-point registers $f0, $f1, ..., $f31

« Example: load two number from memory, add them and then store the sum:

lwcl $Sf4, x(Ssp)
lwcl $£6, y($sp)
add.s $f2, $f4, Sfe6
swcl $f2, z($sp)
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Example: Compiling a Floating-Point C program:

Lets converts a temperature in Fahrenheit to Celsius:
float f2c(float fahr)

{

return((5.0//9.0)* (fahr - 32.0));

lwcl
lwecl
div.s
lwcl
sub.s

mul.s

jr

$fle6,
$£18,
$fle6,
$f18,
$f18,
$£0,
Sra

const5 ($Sgp)
const9 ($gp)
$fle, S$f18
const32 (Sgp)
$£f12, $f18
$fle, S$f18

# Sfle
# S$f18
# S£18

# $£0 =(5/9) * (fahr - 32.0)

5.0/9.0
32.0
fahr - 32.0
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Exam ple: Compiling Floating-Point C Procedure with 2-Dimensional Matrices into MIPS

Let’s perform matrix multiply of: X = X + YxZ

void mm (double x[][], double y[][], double z[][])

{
int i, j, k;

for (i=0; i'=32; i=i+l)
for (4=0; j'=32; jJ=j+1)
for(k=0; k!=32; k=k+1l)
x[i][3]1=x[1]1[3] + y[i][k]1*z[k][3];
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Continue

1i
1i
Ll: 1i
L2: 1i

sll
addu
sll
addu
1.4

L3: sll
addu
sll
addu
1.4

$tl, 32
$s0, O
$sl, O
$s2, O

$t2, $s0, 5
$t2, $t2, $sl
$t2, $t2, 3
$t2, $al0, $t2
$Sf4, 0($t2)

$t0, $s2, 5
$t0, $t0, $sl
$t0, $t0, 3
$t0, $a2, $tO
$£16, 0($t0)

sll
addu
sll
addu
1.d

mul.d
add.d
addiu
bne
s.d

addiu
bne
addiu

bne

$to,
$to,
$to,
$to,
$f18,

$fle,
$£4,
$s2,
$s2,
$£4,

$sl,
$sl,
$s0,
$s0,

$s0, 5
$t0, $s2
$t0, 3
S$al, $tO
0($t0)

$£18, $f16
$f4, Sfle
$s2, 1

$tl, L3
0($t2)

$sl, 1
$tl, L2
$s0, 1
$tl, L1
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