Chapter 5

The Z Transform

1. Definition
2. Properties of the z-Transform
3. Inverse z-Transform

4. Solution of Difference Equations Using the z-Transform
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Z - Transform

Introduction

 The Z-transform plays the same role in the analysis of discrete-time signals and LTI systems
as the Laplace transform does in the continuous-time signals and LTI systems.

It offers the techniques for digital filter design and frequency analysis of digital signals.

Definition of z-transform:

The z-transform of the discrete-time x[n] is given by:

oo

Z X — z ) Where z is
x[n] m=—) X(z) () X[n] -2 a complex variable

n=—oo

[ ]
-l == — =M
For a causal sequence: X(z) = Z(x(n)) = E]I(H);,
n=I
x(n) =0forn<0 0 ! "
=x(0)z77"+x(1)z7 " +x(2)77° + -
All the values of z that make the summation to exist form a region of convergence (ROC) .
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Example 1
Problem:
Given the sequence, x(n) = u(n), find the z-transform of x(n)
Solution:

From the definition of the z-transform:

oG

X(z) = i ulmz " = Z(z—l)ﬂ: 1 + (z—l) n (2—1)2+_.
n=0

n=0
1 ROC: Region of Convergence
we know 1 +r+ re 4o = ﬁ when |r|=:j1_ (values of z for the convergence)
V(=)= 11 = 1 j
Therefore, ()= P s When, |27 [<1=z[>1
= 1__ -
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Example 2

Problem:

Consider the exponential sequence, x(n) = a™ u(n), find the z-transform of x(n).

Solution:

From the definition of the z-transform
* 2
-1 -1
a"u(n az | +(az ) 4
Z =X )= (a) + (o)
Since this is a geometric series Therefore,

Y(s)= 1 1 =
o _I—KII_I_I_E z—a Region of
Convergence
. - , £
that will converge for, X(2) = —— for|z| > |a| ¥

Z—a
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Region of
Line No. x(n), n=0 z-Transform X{z) Convergence

o

Z-Transform L st > )z

n=il

Tab|e 2 8(n) i 2 = 0

3 au(n) % lz| > 1

4 nu(n) - - |z| = 1

(z— 1)
5 wu(n) 2zt ) 2] > 1
(z—1)
6 a'ul(m) % 2] > |al
7 E‘_HRH{H} m |:'| ol
2|Al|P|"cos(nfl + @) u(n) ; az =
Az where P and A are complex 8 na' 1) (z — a) 2> lal
ey = constants defined by . zsin(a) _
P=|Pl£0.A=|AlLg ? sin{an)(n) 2~ 22008 (@) & 1 2] > 1
10 cosi{amu(n) — d:[:_’::;:iz}l ] |z| = 1
. asin b))z
11 a’ sin (b )u(n) —— [gﬂ m:[.i':]}]"+a3 lz| = |a|
z[z — a cos(h)
12 a’ cos(bmu(n) = [[Eﬂms[h}]"—-]—a-z lz| = |a|
13 e s (bnuin) - 2‘[:;1 ;:l{{: }:;]f___ =y |z| = e
oAz — e cos(b

14 e " cos (bn)u(n) il e cos (D] |z| > e™®

22 — [2e—2cos(b))z + e2a



Example 3

Problem:
Find the z-transform for each of the following sequences:

a. x(n) = 10sin(0.25xn)u(n) b. x(n) = e *cos(0.257n)u(n)
Solution:

a. From line 9 in the Table:  X(z) = 10Z(sin(0.2wn)u(n))

~ 10sin(0.25m)z  7.07z
72 -2zc05(0.257) +1 7% -1414z+1

2(z— e cos(0.257))

b. From line 14 in the Table: X(z) = Z(e™"!"cos(0.25xn)u(n)) = 22~ 2670 cos(0.257)2 + 602

B Z(z-0.6397)
- 2-1.2794z+0.8187
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Z-Transform Properties (1)

Linearity:  Z(ax(n)+ bxa(n)) = aZ(xi(n)) + bZ(x2(n))

x1(n) and x,(n) denote the sampled sequences, aand b are the arbitrary constants.

Example 4

Problem:
Find the z-transform of  x(n) = u(n) - (0.5)"u(n)
Solution:

Applying the linearity of the z-transform  X(z) = Z(x(n)) = Z(u(n)) —2(0.5”(:?})

-~ Z
Z(u(n)) = 71 Line 3 P P

Using z-transform Table { Therefore, we get, X(z) = _

z—1 z-05
Z(0.5"u(n)) = 0% Line 6
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Z-Transform Properties (2)

Z-Transform

Shift Theorem: Z(x(n—m)) = 77"X(z) x(n) m—) X(7)

Verification: Z(x(n-m)) =Y x(n—m)z™

— .I(—FH)E_{] 4 oo -|-.I(—l).;'f_(m_1) +I([))E_m+x(l)€_m_l + ..

Since x(n) is assumed to be causal: x(—m) = x(-m+1) = =x(-1) =0

Then we achieve, Z(x(n—m)) = x(0)z7 " +x(1)z" " +x(2)77" % + ...

Factoring z~™ from Equation we get,

Z(x(n=m)) =z ™(x(0) +x(z7 4+ x(2)7% + L) =27"X()
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Example 5

Problem:

Determine the z-transform of  y(n) = (0.5)""" «u(n — 5)

where u(n—5) = 1 forn>5and u(n-5) = 0 for n<b.

Solution:

Using shift theorem,
f(z) = 2|(08)u(n-5)| = 2°2[(05)"u(n)

Using z-transform table, line 6:
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Z-Transform Properties (3)

Convolution

Intime domain, x(n) = x1(n) * x2 le n—k)xa( eq.(1)

In Z-transform domain, X(z) = X1(z)X2(z) | Here.X(z) = Z(x(n)). X,(z) = Z(x;(n)), and X5(z) = Z(xy(n)).

Verification: A () from eq. (D

Taking the z-transform of eq.(1)  X(2) = ) x(m)z™" Z Z x1(n—k)xo k}z

n=0 n=0 k=

—n_Zk —(n—-k) -

— X(z Z ZXE(R}E_EXU{H—R}E_{”_H ‘ X(z) = ZIE(k}z_k lein_ k}z—{n—kj
n=0 k=0 k=0

n=0

letm = n—k: o0 o0
) X(2) = ) %Kz ") x(mz" my X2 = X(2)X(2) = X (2)X(2)
k=0 m=10
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Example 6

Problem:

Given the sequences,  X(n) = 3d(n) + 2i(n - 1) Find the z-transform
Xo(n) = 28(n) = d(n—=1) of the convolution.

Solution:

Applying the z-transform of the two sequences,
Zlx,(n)] mmm) Xi(z) = 3+2z°1

Z[x,(n)] ‘ X>(2) = 2 _z1

Therefore we get,
X(2) = X1(2)X(2) = 3+227Y)(2- 271
—64+71-2772
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Inverse z-Transform: Examples

The inverse z-transform for the function X(z) is defined as: x(n) = Z7'(X(z))

4z Z

Example 7 Find the inverse z-transform of  X(2) = 2+ —5 - ——%=

Solution Weget, x(n) =2Z7'(1)+ 42—1(; 1) _Z_l(z —ED 5)

Using table, x(n) = 24(n) +4u(n) - (0.5)"u(n)

Example 8 Find the inverse z-transform of  x(z) - — 2 %

(z-1)° (z-0.5)°

Solution Weget, =712\ 7122 | _sp1[_2_|_ 2,1 0%
| (z-1)° (z-05) (z-1%] 05 \(z-05)

Using table,  x(n) = 5nu(n) - 4n(0.5)"u(n)
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Inverse z-Transform: Examples

Example 9 Find the inverse z-transform of X(z) = 10z
22—-z+1
i i 10 10 i
Solution since, X(2) = 55— ;L 1 (sin(a}) 72 _ ;2(;‘};} 1 From line 9 in the Table

By coefficient matching,  _ 2¢os(a) = -1
Hence, cos(a) = 0.5, and a = 60°. |:> sin(a) = sin(EDD) = 0.866

10 _ sin(a)z 10 . |
Therefor x(n) = —7°1 — _—— sin(n+60% = 11.547sin(n-60°
erefore, (1) sin(a) (22 — 2zc08(a) + 1) 0.866 (-60%) (-60°)

4
z 6 Z

Example 10 Find the inverse z-transform of ~ X(z) = =

Solution () - 2‘1(3‘5%) +f'l(f'ﬂ'1) +f_l("—'_dg ::15)

Using Table % x(n) = u(n—5)+4(n—6)+(—-0.5)""u(n-4)
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Inverse z-Transform: Using Partial Fraction

Table Partial Fraction(s) and Formulas for Constant(s)

i X

Partial fraction with the first-order real pole:ﬂ R=1(z-p)

&=

Az Az X(z)

Partial fraction with the first-order complex poles: +

A= (z-P)—

(z=P) (z-P) z

P* = complex conjugate of P A* = complex conjugate of A

Partial fraction with mth-order real poles: [ k fromm o1
-1
ot S A= g (e P)

(E—D}+(z—p}2+m+(z—p}m T k-1

=F
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Inverse z-Transform: Using Partial Fraction

1
(1-z1)(1-05z71)

Problem: Find the inverse z-transform of X(z) =

Solution: First eliminate the negative power of z. Example 11
2 72
X2) = a5 =
2¢(1 -2 ){1—0.53 ) (z-1)(z-0.5)
Dividing both sides by z, X(2) — ‘ : A + B
z (z—1)(z—-0.5) " _(z-1) (z-05)
B X2 2z I
Finding the A‘WE_I%E_kl‘(z—umz%"z S X2 -
constants: S 5)){(3} p 1* _—  z (z—1) (z-0.5)
= Z-U = = - — _
705 (z — ]_] -0 multiplying by z g Xlif} o 27 Z

~Z=1) (z-05)

Therefore, inverse z-transform is:  x(n) = 2u(n) - (0.5)"u(n)
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Inverse z-Transform: Using Partial Fraction

o . B z2(z+1)
Problem: Find y(n) if @) = Ty 7 —7505) Example 12
Solution:
Dividing Y(z) byz, Y12 _ 22+1)
Z (z—1)(z2 —z+0.5)
: : : : Y(z) B A A
Applying the partial fraction expansion, m=) — ==+ 705705 + Z=05%705)
- . Y(2) 2(z+1) 1x(1+1)
We first find B: — (z-1)—Z = — -
efistfindB: 6=G-1=21  =Z-z109_, " 1Z-1705)
Z(z+1)

Next find A: 4= (z-05 _j[]_5)%z}

=05+j05 (2= 1)(2=054/0.5)|, 05,55

0.5+4/0.5)(05+/05+1) 05+4/0.5)(1.5+/05)

05+05-1)05+/05-05+,05)  (-05+/05)]
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Example 12 -contd.

(0.707/45°)(1.58114/18.43°)
(0.707/135°)(1./90°)
A* = A =1.58114/161.57°.

P=05+05)=|P|£6=0707/45"and P* = |P|. -6 = 0707 / - 45"

Using the polar form, 4 = — 1.58114/ — 161.57°

Now we have: Y(z) = 4z n Az Az

z—1 (z=P) (z—P)

Therefore, the inverse z-transform is:
from Line 15 in Table j’(ﬁ') _ &U(ﬁ) +2|A|[|P|}HCDS(HH+I;€J) U(ﬁ')
‘ = 4u(n) +3.1623(0.7071)"cos(45% — 161.57°%) u(n)

CEN352, Dr. Nassim Ammour, King Saud University
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Inverse z-Transform: Using Partial Fraction

. . : z2
Problem: Findx(n) if x@ - (3_1)(3—0.5)2 Example 13

Solution:

Dividing both sides by zz —~ =

Z  (z-1)(z-05)% 2z-1 z-05 (z_05)
X(2) z
Where, 4= (z-1"-2 = _4
( Z |z-1 (Z — 0.5]2 -1
Using the formulas for mt"-order,
-Rm Rm—l Rl 1 dk_l m X(E})
. s s R e o —
C—p (z —p}3+ MR T (k— DldzF T (( P =—p
B B 1 d > X(2) - - |
B =R = ;5= l}tdz{(z—D.E} T}z—n_ﬁ . m=2,p=05

d z —1
= ( ) — 5 = —-'1].

dz\z—=1/l,c05 (z-1)7, 45 ,

CEN352, Dr. Nassim Ammour, King Saud University



Example 13 -contd.

B B 1 dY -X(2)
C=Hh= (1— 1}!dz0{(z_0‘5} T}E_D_E,
4
~ Z—1lz—05 -1
4z —4z —1z
Then, X(z) = —

From Table, — Z‘l{ d }:(U.5)”u(n)

z-l{(z _‘; 5}2} — 2n(0.5)" u(n)

Finally we get,  |x(n) = 4u(n) - 4(0.5)"u(n) — 2n(0.5)"u(n)

CEN352, Dr. Nassim Ammour, King Saud University
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Partial Fraction Expansion Using MATLAB

1

Problem: i | -
Find the partial expansion of X(z) 1=z 0)(1-052)) Examp|e 14

Solution: .
(co+crz7t + c272)
The denominator polynomial E E_unv{[I —1 I =09D ) . ? .
can be found using MATLAB: — R
& 1.0000 —1.5000 0.5000 h
Therefore, X(z) = : = : = z
’ - (1-z1)(1-05z71) 1-1521+4052 2-152+05
X[E} Z B(z) r ra
and —_— = < _ 1 - oo Lo L R ;—1
£ 722 - 152405 AR 2= +E_P3+ . +IVI1ATL:B performs the
» [R,PK]=residue([1 0],[1 —1.5 0.5]) R, P, K| = residue(B,A) partial fraction expansion
R= 2 P=1.0000 K=II] L 2z Z
residues

poles direct term CEN352, Dr. Nassim Ammour, King Saud University 21



Partial Fraction Expansion Using MATLAB

Problem: - - (2 +1)
Find the partial expansion of  y(z) = -2 =25 05) Exqmple 15

Solution:

» N=conv([1 0 01,1 1)

N =

1100 Viz) - Z(z+1) _ 2342

» D=conv([1 —11, [1 —1 0.5]) (z-1)(z2-z+05) 23-222+15z-05

D =

1.0000 —2.0000 1.5000 —0.5000

» [R,HK]ZI’ESidUE{“ | U],“ -2 1.3 -0.3]) — Y2 Bz Az At 7
R — Z Y(z) = > + 5 — —
4.0000 P Z2=Pp 2P

— 1.5000 — 0.5000i
— 1.5000 + 0.5000i

P =
1.0000 > A=-15-05, p=05+05/,

where B = 4, p; = 1,

0.5000 + 0.5000i
0.5000 — 0.5000i

:v,;]: A" = -15+0.5j, andp = 0.5-0.5j
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Partial Fraction Expansion Using MATLAB

7
(z=1)(z=05) Example 16

Problem: X(2) =

Find the partial expansion of

Solution: » D=conv(conv([1 =11, [1 =0.3]),[T —0.5])

D =
1.0000 —2.0000 1.2500 —0.2500
2

Then X(z) = z s = z » X(2) _ z
(z—1)(z-0.5) z° -2z +1.252-0.25 z 73 —27z241.252-0.25

» [R,P,K]=residue([1 0],[1 —2 1.25 —0.25])
R =
4.0000
—4.0000

4z 4z 4
—1.0000 » X(z) = _ -
P — 2) z-1 z-05 (z-05)?

1.0000
0.5000
0.5000
K =

[1 CEN352, Dr. Nassim Ammour, King Saud University 23




Difference Equation Using Z-Transform
 The procedure to solve difference equation using Z-Transform:
1. Apply the z-transform to the difference equation.
2. Substitute the initial conditions.
3. Solve for the difference equation in the z-transform domain.

4. Find the solution in the time domain by applying the inverse z-transform.

CEN352, Dr. Nassim Ammour, King Saud University
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Example 17

Problem:  solve the difference equation when the initial condition is y(—1) = 1.
y(n) —0.5y(n-1) = 5(0.2)"u(n)

Solution: -
We have ] n=(

=y(=1)+00) +y(1)T +y2)7 + ) mmh Z(y(n— 1)) = y(— 1) +27'Y(2)

Taking z-transform on both sides: Y(z) _0,5(}r(_1}+g—1y(g“ = 5Z7(0.2"u(n))

Substituting the initial condition and z-transform on right hand side using Table:
Y(z)-0.5(1+z71Y(z)) = 5z/(z-0.2)

Arranging Y(z) on left hand side: y(z)-05:7'Y(z) = 0.5+ 52/(z-0.2)

. 5.5z -0.1) 2(552-0.1) - _
=) y(; | B . | Y(z)  55z-01 A B
2) 1-05:7)(z-02)  (z-05)z-02 ™= - ~(z-05)(z-02) z-05 z-02

CEN352, Dr. Nassim Ammour, King Saud University
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Example 17 -contd.

Solving for A and B:

Y(2) 5.5z 0.1 5.5 % 0.5— 0.1

A= (3—0.5)?2_0_5 -7 67 ]... 0507 - 8.8333
Y(2) 5.5z —0.1 5.5x 0.2 —0.1

B = (z—o.z)?z_u2 -~ 65|, 0205 - ~3.3333

88333z -33333z
~Z=05)  (z=02)

Therefore, Y| Z)

Taking inverse z-transform, we get the solution:

y(n) = 8.3333(0.5)"u(n) - 3.3333(0.2)" u(n)

CEN352, Dr. Nassim Ammour, King Saud University
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Problem: Example 18
A DSP system is described by the following differential equation with zero initial condition:
y(n)+0.1y(n-1)-02y(n-2) = x(n)+ x(n-1)

a. Determine the impulse response y(n) due to the impulse sequence x(n) = §(n).

b. Determine the system response y(n) due to the unit step function excitation, where
u(n)=1forn=0

Solution:
a. Applying the z-transform on both sides:  Y(z)+ 0.1}’(3]3'1 — 0.2}’(3]3'2 = X(z)+ X(z]z‘l

Applying X(z) = Z(é(n)) = 1 Onright side

) v(7)(1+012'-0272) = 1(1+27})

| 14771
Yiz) =
) ') =TT 00
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Example 18 -contd.

We multiply the numerator and denominator by z2
f(2) - Z?+z  z(z+])
- - 72401z-02 (z-04)(z+0.5)

Y2 z4] A B

Using the partial fraction expansion - ~ (z-04)(z+0.5) “z-04" z+0.3

Y(z) z+1 | 04+1
i . A= (z-04—2L = | 1,
Solving for A and B: (2-04)— 0y " 7708, 0, " 04705 5556
B ¥(z) _z+1 _ —05+1
B LI+|:|5]T o5 Z-04|, ,;  -05-04 0.5556

155562 —0.5556
z2—04) " (2405

Therefore, Y(z) =

Hence the impulse response: | y(n) = 1.5556(0.4)"u(n) —0.5556( - 0.5)"u(n)
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Example 18 -contd.

b. The input is step unit function: X(n) = u(n)

Corresponding z-transform: X(z) = Z
zZ—1
Y(2)+01Y(2)z ' - 02Y(2)z 2 = X(2) + X(2)z™!

Then the z-transform of the output sequence y(n),

Notice that

[Slide 27]

2 1+t ) Z(z+1)
) = (z—l)(1+0.1r1 —0.22'2) - (2-1)z-04)(z+05

Using the partial fraction expansion Y(z) = 2.22227 -103/0z -0.18527

7-1 ' 7-04 7405
and the system response is found by using Table:

y(n) = 2.2222u(n) - 1.0370(0.4)"u(n) - 0.1852( - 0.5)"u(n)

CEN352, Dr. Nassim Ammour, King Saud University
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