Chapter 6
Digital Filters
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Digital Filtering: Realization

Definition: A digital filter is a DSP system, where x(n)and y(n) are the DSP system’s input and output,
respectively.
Digital input Digital output
x(n) y(n)

Digital filter

(digital filtering) >

The Digital filter difference equation: v

M
Where a; and b; represent the coefficients }?[H) - Z{:] .’ng[n a ;) a Zﬂf}{ﬂ _JI}
| =

= ]
of the system. /

SB=[01A=[10 —0.5]

: — (1 0.5 0.25 0.125];
Matlab Implementation: >x =] I}

3-tap (2ndorder) IIR filter >y = filter(B, A, x)
y p—
0 1.0000 0.5000 0.7500
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Example

Given the DSP system  y(n) = 2x(n) = 4x(n-1)-05y(n-1)-y(n-2)

with initial conditions

¥(-2) =

Compute the system response y(n) for 20 samples using MATLAB.

Solution:

= zeros(1,20);

=[10y];

=0:1:19;
(0.8).*n;

x=[0-1x];

for n=1:20

y(n+2)= 2*x(n+2)-4*x(n+1)-0.5*y(n41)-0.5*y(n); % Compute 20 outputs of y(n)

end
n=0:1:19;

subplot(3,1,1);stem(n,x(3:22));grid;ylabel ('Input x(n)');x1abel('Sample number’);
Subplot(3,1,2); stem(n,y(3:22)),grid;
xl1abel('Number of samples, n; part (a)'); ylabel('Output y(n)');

Compute y(n)=2x(n)-4x(n-1)-0.5y(n-1)-0.5y(n-2)
Nonzero initial conditions:
y(-2)=1, y(-1)=0, x(-1) =-1, and x(n)=(0.8)"*n*u(n)

% Set up a vector to store y(n)

% Add initial condition of y(-2) and y(-1)
% Compute time indexes

% Compute 20 input samples of x(n)

% Add initial condition of
x(-2)=0 and x(-1)=1
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Input x(n)

Output y(n)

Ly(-1)=0,x(~1) = -1, andtheinput x(n) = (0.8)"u(n),
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Transfer Function

If x(n) and y(n) are the input and the output of the Digital filter (DSP) respectively, and X(z) and Y (z) are their Z-transforms,

Z-transform input z-transform output
X(z) Digital filter transfer function ¥(z)
—» —
H(z)

Differential Equation: ¥(n) = box(n) + byx(n — 1) + -+ + byx(n — M)
—apy(n—1) — - —ayy(n—N)

Z-Transform: Y(z) = boX(z) + b1 X(z)z7V + - + by X(z)z ™™
—a1Y(z)z7 ' — - —ay¥(z)z7V

V(o) by+bz '+ +byz ™ B()

AR

Transfer Function: H(z) =

X(z)  l4az'+-4ayzV A

£
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Example: Transfer Function

[ Given a DSP: y(n) = x(n) = x(n-2)-13y(n-1)-0.36y(n-2) Find the its transfer function H(z).]

Z-transform on both sides
Z-Transform: Y(z) = X(z) - X(2)272 - 1.3Y(2)z"} - 0.36Y(z2)z 2 % of the difference equation J

factoring Y(z) on the left side J

Rearrange: F{E}(] - ]JSE_]' - D.SEE_E) = {] - E_E}X(E) <[ and X(z) on the right side

Y 1-z72
[Transfer Function: H(z) = % = 3 ]33_12 03652 ]

?
=1 . . .
Gi H(z) : Hiz\ = Find the difference equation of the system
[ ven Hiz) &)= 7137703 ; y
2 _11/72 e
Rearrange: H(z) = & =) Lz riz)

(2+132+036)/22 1+13z1+03622 = X(z)  —_ Dividingthe numerator and denominator by 22 |

=) V(2)(1+132140362) = X2)(1-22) mm) Y(2)+1321Y(2)+036272¥(2) = X(2) - 2 X(2)
| Differential Equation:  y(n) = x(n) - (1-2) - 1.3y(n - 1)-0.36y(n-2) | _J peehmetieee o |

and using the shift property
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Pole -Zero from Transfer Function

A digital transfer function can be written in the pole-zero form.

The z-plane pole-zero plot is used to investigate characteristics
and the stability of the digital system. 7

Relationship of the sampled system in the Laplace domain and
its digital system in the z-transform domain

Re(z)

mapping: Z=¢€

outside of unit circle
The z-plane is divided into two parts by a unit circle. ﬂ
inside of ynit circle

f |
. : | — Re(z)
Each pole is marked on z-plane using the cross symbol x, | f.'i

. . . . ) - zero
while each zero is plotted using the small circle symbol o. \ /K
unit circle
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Example: Pole-zero plot

z-l - 05z¢
1+1.2z1404kz ¢

Given the digital transfer function: Hiz) = Plot poles and zeros

H{Z} '[E L_ 0.hz E}EE 7-05§ mljjlt(ijplyingthe nut;nerator ]
— — and denominator by z2
(14127 1404522)2  722+122+045 '
imiz)
B (z—0.5)
 (z4+06—-j03)(z+06+0.3)
zerol = 0.5
(z — zerol) polel = —0.6 + j0.3

~ (z —polel)(z — pole2) pole2 = —0.6 — j0.3

O ' Re(z)

The system is stable.

The zeros do not affect
system stability.
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Sys‘l'em Stabi |I1'Y (Depends on poles’ location)

If the outmost poles of the DSP TF H(z) are inside the unit circle on the z-plane pole-zero plot, then the system is stable.

If the outmost poles are first-order poles of the DSP TF H(z) and on the unit circle on the z-plane pole-zero plot, then the
system is marginally stable.

/,_\{t\miz} H(z) = — yin) = hin) = (05)"u(n)
—o— T~ Re(2) 7=03
\/ y(n)=x(nm)+05y(n—1) 41 Im(z) ;
0.5 7 H(z)= ;
x(n) = d(n) 91 x(n) _y| Stable | y(m) Tﬂ-zﬂ 0.125 ! _ z+1 v(n)=h{n)=(=1)"u(n)
R system T . —X L/l Re(z)
||j||I ﬁ |{}]I gl é 4 n I\\___ VR =xm —yh-—] | 1
xin)=din)el xn_) Marginally _.__],'[n} I
Imi(z) H(z) = z R stable system A
ahy Reyy | 13 y(m) = h(n) = (15)"u(n) 01 2 o l. 2 l s "
b
| /] v(n) = x(m) +15p(n—1) 3375 IR
(=8 g1 xn) ] UnsEe |,y jﬂ“mw D H(z)=—
Hl= il - [ — -
* T, > system [ ! T , k /*1 Re(z) (z=1) y(n) = hin) = nu(n)
I I I I I I H
el 2 o1 23 4 — () = x(n=1)+ 23(n—1)— ¥(n—2) , 4
A Im(z) ) xin)=d(n) el x(m) | Unstable | y(n) 0 I T ------
/ '"—\IE RE[E]‘ H{E) - zi] '}I[H} - .ﬁl:fﬂ - m:ﬂ] II n Syslam T T | I A
0 2 3 4
\L,/l yi(n)=x(n)+ y(n-1) 1111 01 2 1
msnpt ol Lol 1]
01 2 o1 234 "

CEN352, Dr. Nassim Ammour, King Saud University



Example: System Stability

Sketch the z-plane pole-zero plot and determine the H( Z) 72 +2+05

stability for the system: (z—-1)°(z+1)(z — 0.6)

feros are z = —0.5+0.5.

Poles: z=1,|l2| = 1:2=1,|172| = 1: 2= -1,|2| = 1:,Z = 06 |z| = 0.6< 1.

fmifz)
Since the outermost pole is multiple -
order (2" order) at z=1 and is on the ﬁ \
unit circle, the system is unstable. f |
= i Reiz)
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Digital Filter: Frequency Response

* From the Laplace transfer function, we can achieve the analog filter frequency response H(jw) by substituting
s = jw into the transfer function H(s).

H(‘EHJ—_‘{'M - HUM}
sT| — ploT

e Similarly, in a DSP system, we substitutez = e s=i into the Z-transfer function of the system’s

transfer function H(z) to acquire the digital frequency response

H(z)

b = H[’Eﬁ”le - IHﬁ?jmleiH['EﬁuTj

Magnitude frequency Phase response

| respoxi- /
/" H(@E®) = HE)|_ = |HE®)| 2H(P)

normalized digital
frequency

Putting @ = wT
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Frequency Response Example

Problem
y(n) = 0.5x(n)+0.5%(n- 1)
Solution

z-transform : (on both sides on the difference equation )

¥(z) = 0.5X(z) + 0.5z 1 X(z)
Frequency response:

transfer
function }"'{z
Hiz = 05+05
m—) ) = 35 ‘
z=ell  H(eM) =05+05e /@
——> o
=0.54+0.5cos(Q2) — jO.5sIn (Q).

Magnitude frequency
response

m—) H{Eiﬂ}‘ = /(05 +05c0s (@) + (0.5sin (@)

Phase frequency
response

) / H(e"

— tan ~0.5sIn(Q)
0.5+ 0.5c0s5(Q)

Magnitude response (dB)

Phase response (degrees)

Given the digital system with a sampling rate of 8,000 Hz, determine the frequency response.

O+ ==
R = P
re—
-10 e
T
-20 \\
\
-30 -
\
40 "
0 0.5 1 1.5 2 2.5 3
Frequency (radians)
0
—
—
—
50 .
"‘-h-h‘__‘_‘_*‘-‘q—“ _
‘-\-‘-\-‘-‘.\-"‘—H_“_H-\-‘
-100 T
0 0.5 1 1.5 2 2.5 3

Frequency (radians)

It is observed that when the frequency increases, the magnitude response
decreases. The DSP system acts like a digital low-pass filter, and its phase
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Digital Filter: Frequency Response -contd.

BASIC TYPES OF FILTERING *“} 0,
1-8

P

1+38,

1O £

15, e —

7

Pass-band Ripple

Passband

Transitfon

Stopband

(frequency fluctuation)

parameter Passhand Stopband

!
i
i
i
i
i
i
i
i
i
i
i
|
Stop-band Ripple :
i

(frequency fluctuation)

(]

o B o ] 8 o

parameter \,

'5, e | ............................. s N o 0 ﬂs £ - T
0 Q, 0 n High-pass filter (HPF)

H
\Stop-band cut-off
frequency frequency

Law_pass ﬁ/ter {LPF} where the parameters are defined as follows:

h = an output vector containing frequency response
w = an output vector containing normalized frequency values distributed in the range from 0 to
m radians
B = an input vector for numerator coefficients
Matlab: Frequency Response: [h, w] = freqz(B, A, N). ] . . . .
[ 9 Y P [ : ] €q ( e ) A = an input vector for denominator coefficients
N = the number of normalized frequency points used for calculating the frequency response

[h, w] = freqz(B, A, N)
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Digital Filter: Frequency Response -contd.
BASIC TYPES OF FILTERING

%5 T—— S - —
/] "\I

| I Passband i |

| | .
Trm:ﬂrmu |' : i Transition

(2

sl L
Higher stop-band
Lower stop-band / ‘ \ \

Cut-off frequency

cut-off frequency  Lower Pass-band Higher pass-band
cut-off frequency Cut-off frequency

Band-pass filter (BPF)

I+ E
jﬂ - P
I—EP ...... e
Passband ,I", L Passhand
Transition ‘ransition
“\.\ /
|
!
i
P PE— N A N
0 0 ‘ - £
ﬂm’- pH

Band-stop filter (BSF)
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