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Chapter Objective

Following are the objectives of Chapter-I1|

» Continuous and Discrete LTI Systems

» Representation of signal in terms of impulses
» Unit Impulse Signal response & Convolution
» LTI System Properties

PAGE : 192
Examples : 3.2, 3.3, 3.4, 3.5
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Fourier Series

4.1 Introduction Fourier Series Representation Of Continuous- Time Signals

4.2 Fourier Series Representation of Continuous -Time Periodic Signals
4.2.1 Linear Combination of Harmonically related complex Exponentials
4.2.2 Determination of the Fourier Series Representation of a Continuous-Time

Periodic Signal

4.3 Convergence of the Fourier Series

4.4 Properties of Continuous-Time Fourier Series
Linearity, Time Shifting , Time Reversal , Time Scaling , Multiplication ,
Conjugation and Conjugate Symmetry, Parseval's Relation

4.5 Fourier Series Representation of Discrete-Time Periodic Signals
4.5.1 Linear Combination of harmonically related complex exponentials
4.5.2 Determination of the Fourier Series Representation of a Periodic Signal



Fouriler Series

Fourier series is just a means to represent a periodic signal as an
infinite sum of sine wave components.

a - 2Nt~ . 2Tn
f(z‘)z—”—l—Zancos _ +Zbﬂsm _
2 n=1 T n=1 T
v~
DC Part Even Part Odd Part
— _

T'is a period Dtm_e above signals
Let o,=27/T.

()= a—zﬂ + Z a, cos(nm,t)+ Z b sin(nw,t)
n=1 n=1
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\, Fourier Series-Decomposition
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1) = %ﬂ =Y a cos(nayt)+ Y b, sin(na,t)
n=1 n=1

2 Ip+1T
d, = ?J.;D f(f)df
2 I, +T
a, = ?L f (t)cos nofdt n=12,--

2 to+T )
b = ?I f(t)sin nofdt n=12..-



;\,\, Example (Square Wave)
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ao:ijnldtzl anzircosntdt:isinnt‘“zo N=12 ...
27[ 0 27‘c 0 0

nm

b, =irsin ntdt:—icosnt\” :—i(cosnz—l) =
277 90 nz 0 nz

f(t)=1+g(sint+lsin 3t+£sin 5t+---j
2 T 3

2Int n=135,---
0 n=2,4.0,---



Harmonics

1) = %ﬂ =Y a, cos(no,t)+ 3 b, sin(ne, )
n=1 n=1

T
DC Part Even Part Odd Part

— _
T'1s a period ot‘MG above signals




Harmonics.......Continued

T
Define m, = Z’Rfo = ? , called the fundamental angular frequency.

Define ®, = nw®,. called the n-th harmonic of the periodic function.

a o0 o0 .
(= ?°+ D a, cos nogt + Y b, sin not
n=l1 n=1

—

a o0 oo .
(= ?0"‘2% cos ®,t+ > b, sin o,
n=1 n=1



Harmonics.......Continued

f(r)_ , +Za COS ® r+Zb sin @
n=l1 n=1

a, & .
= 7'3 +> (a,c080,t+b,sin 0,1)
n=1

a b
+ Z m A - ~ CDS (DHI + 7 - 7
n=1 m m
+Zm cos® cosm t+sin 0 sino ?)

n=1

sin @, 7

= C,+Y C, cos(,1—9,)

=1



/)\’ Complex Exponentials
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™" = cos nw,t + jsin Nt

e "' = cos nw,t — jsin no,t

1/ . y
cosnw,t = 5 (e’”‘"@t +e ‘”‘”Ot)

sin n(DOt — Zij(ejnmot _e—jnwot): _%(ejnmot _e—jnmot)



dy ~ _ .
f(t)=-"+> a,cosnoy+ > b, sinnogt

2 n=1 n=1

a 1 = - o - - o
—_9 + Z a, (ejm:uﬂr s Jjncgt )_ i Z bH (eﬂzcaﬂr i Jremgt )

2 2 n=1 2 n=1
_ aﬂ - l b jHC':IﬂF l b —j}jmﬂf
__—I_Z _(C{H_'} F‘I)e —I__(a}j—l_.} }j)e

2 n=1 2 2

_ - Jneyt — jncyt
=co+ D [cﬂe +c_e ]

n=1
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_[»  Complex Form of the Fourier Series
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f(t)=c,+ Z [cﬂ.e:’“’fi'“':’“'r + c_ne_j”m“r]

n=1
= -1
. Jnegt Jnemgt
=co+ Y e+ D¢,
n=1 Hn=—o0




1
c =— '
=5 (@, =jb,)
B 1[ T2
- J._j_ : Jf(f)cos nofdf — | jJ 2 Jf(t)sin notd
12 Y v IJ

B ] j-r 2 f
= _ )(c 'S1
o (f)(cos no,t — jsin no,i)dt
_ l T2
T j._:r Zf(f)e_jﬁmzrdf

:—(a + jb, )__j " fe v dr




. ijm .
= f(e "™ dt

-T/2

If f(¢) 1s real,
¢ —¢ o, He, = a +b:
- . '“ n=+142.43. ...




C}'E :| C}'E
e, =lc
1
Co = Ea

: |:%q/czf;+bj

. .
C—}'E — CJ-'E :| CJ-'E |€ jq)n

¢ amplitude
spectrum

phase
spectrum
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Example
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-120n -80m -407m 4071 80n 120n
-15m, -10m, -50, S5m, 10w, 150,
sin(nndj d:i, Tzl, a_1

c o Ad LT 20 4 T 5

. nnd o

T (DO - = 87[
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Example
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-120n -80m -40m 0 40m 80m 120n
-30m, -20m, -10m, 10w, 200, 30w,
. ( nnd j 1 1 d 1
sm( d=—, T==, —==
c A LT 20 2" T 5
T nrd 27
T w,=—=4r




Convergence of the CTF

Partial CTFS Sums
N
x,(7)="Y c [#]e*7
For continuous signals, = o
convergence is exact at \/\/
. "!L"
every point. | |
- o P
A Continuous Signal \/\3/
X(2) 7 7
x4lt)
A A s
waw L ‘ﬁr-“.
| =/ | .
- — “ Negf 1) !
| 7{; ‘ \/ o
T .



For discontinuous signals,

convergence is exact at
every point of continuity.

Discontinuous Signal

Y
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Convergence of the CTF

Partial CTES Sum
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At points of discontinuity
the Fourier series
representation converges A

to the mid-point of the 2
discontinuity.




CTFS Properties

Let a signal x(7) have a fundamental period 7, and let a
signal y(7) have a fundamental period 7;,. Let the CTFS

harmonic functions, each using a common period 7" as the

representation time, be ¢ [4] andc [4]. Then the following
properties apply.

X(1) —=
}Dﬂ FSp—c [k]
Linearity y(0) P

ax(r)+ﬁy(r)%acx[k]+ﬁc},[k]x(r)_h?S Cx[k] a |

NCT D—c[4]

y(t)—




CTES Properties ......... Continued

Time Shifting x(7—1,)«2>—e ™" ¢ [k]

C, k|
E

“‘m‘ﬁrk
NN IR

VV ,_;__,{

-

— =— Time Shift

-10 10



CTES Properties ......... Continued

Frequency Shifting
(Harmonic Number  /27k!/T X(I)%Cx [k _ kﬂ]
Shifting)

A shift in frequency (harmonic number) corresponds to
multiplication of the time function by a complex exponential.

Time Reversal K(")%ﬁ}cx | —k]



CTES Properties ......... Continued

Time Scaling
Let z(7)=x(az), a>0 ‘ﬁvz
Case 1. 7=7, /a=T;._ for z(7)
c.[Al=c.[4] o b

Case 2. 7'=7], forz(7)

If @ 1s an integer,

141+

c |#/a|, #/aan integer

0 , otherwise | Q,



CTES Properties ......... Continued

Time Scaling (continued)

je. [£]
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CTES Properties ......... Continued
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Change of Representation Time
With T =T, ,, x(t)«=—c, [k]
With T =mT,,, x(t)«—c,,, [k]

[] { [k/m] k / m an integer

, otherwise

(m 1s any positive integer)



CTES Properties ......... Continued

Change of Representation Time

e [4]
X0 _T :
AL
T~
e [#]
x(7)
T =27,

-
s

—T—



CTES Properties ......... Continued
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Time Differentiation i T [ k] .
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CTES Properties ......... Continued

Time Integration

Case 1 Case 2
Case 1. ¢ [0]=0 c,[0]=0 c,[0]=0
: x(1) fo)
[x(4)dAe3— ,C*‘[k] k#0
J Jj2mk /T :
Case2. ¢ [0]#0 Ix(f)dt ;fx(;c)dt

I x(A)dA is not periodic M : /_/7




CTES Properties ......... Continued

Multiplication - Convolution Duality
K()y()) 2, [k]*c, [K]
(The harmonic functions ¢, [k] and c [k] must be based
on the same representation time 7°.)
X(1)®y(1) 2o Te [K]e, [k]
The symbol ® indicates periodic convolution.

Periodic convolution is defined mathematically by

x(N@y(t)= | x(2)y(t-7)de
x(f)@y(r) = xaﬁ(r)*y(r) where X, (I) 1s any single period of x(r)



CTES Properties ......... Continued
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CTES Properties ......... Continued

Conjugation
X (1) 7 [4]
Parseval’s Theorem

A0S

e le

The average power of a periodic signal 1s the sum of the

average powers 1n 1ts harmonic components.



Some Common CTES Pain

«—2—§[k] , T arbitrary

O (I)%{

ejzmqrf?ﬂ 6[k mq]

mTU

(I/Tﬂ) , k/m an integer

0 , otherwise

sin(27qt /T, )e-—,r;—>(1/2)(5:k+mq: —8[k—mgq])
cos(27mqt I T, ) ¢———> (1/2)(6:k—mq: +8[k+mgq))
rect(¢/w)*8, () —(w /T, )sinc(wk / mT, )8, [k]
tri(r / w)#*8,, (t)é—7— (w/T)smc (wk /mT,)8,, k]

(m an integer)

m Tﬂ



Parseval’s Theorem

» Let x(2) be a periodic signal with period 7
» The average power P of the signal is defined as
1 T/2

P== [ X(t)dt
T -T/2

> Expressing the signal as  x(t) = Z cel ™ tel
It is also

o0



Videos

1. https://www.youtube.com/watch?v=7Z3LE5uM-
6Y&list=PLbMVogVij5nJQQZbah2uRZIRZ 9kfoqgZyx

2. Signals & Systems Tutorial

https://www.youtube.com/watch?v=ylL ezP5z1z0U&list=PL56ED47
DCECCD69B2



https://www.youtube.com/watch?v=7Z3LE5uM-6Y&list=PLbMVogVj5nJQQZbah2uRZIRZ_9kfoqZyx
https://www.youtube.com/watch?v=yLezP5ziz0U&list=PL56ED47DCECCD69B2
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