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Objectives

In this chapter, you learn:

= To compute probabilities from the normal distribution

= How to use the normal distribution to solve business
problems

= To use the normal probability plot to determine whether
a set of data is approximately normally distributed




Continuous Probability Distributions

= A continuous variable is a variable that can
assume any value on a continuum (can assume
an uncountable number of values)
thickness of an item
time required to complete a task
temperature of a solution
height, in inches

= These can potentially take on any value
depending only on the ability to precisely and
accurately measure
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The Normal Distribution
Density Function

The formula for the normal probability density function is

Where e = the mathematical constant approximated by 2.71828
n = the mathematical constant approximated by 3.14159
u = the population mean
o = the population standard deviation
X = any value of the continuous variable



By varying the parameters | and o, we
obtain different normal distributions

A

Il B
|, C

/N

A and B have the same mean but different standard deviations.

B and C have different means and different standard deviations.




The Normal Distribution Shape

Changing p shifts the
distribution left or right.

Changing o increases
or decreases the
. spread.




The Standardized Normal

= Any normal distribution (with any mean and
standard deviation combination) can be
transformed into the standardized normal
distribution (2)

= To compute normal probabllities need to
transform X units into Z units

= The standardized normal distribution (Z) has a
mean of 0 and a standard deviation of 1



Translation to the Standardized
Normal Distribution

= Translate from X to the standardized normal
(the “Z" distribution) by subtracting the mean
of X and dividing by its standard deviation:

The Z distribution always has mean = 0 and
standard deviation = 1




The Standardized Normal
Probability Density Function

= The formula for the standardized normal
probability density function is

Where e =the mathematical constant approximated by 2.71828
T = the mathematical constant approximated by 3.14159
Z = any value of the standardized normal distribution



The Standardized
Normal Distribution

= Also known as the “Z” distribution
s Meanis O
s Standard Deviation is 1

Values above the mean have positive Z-values.
Values below the mean have negative Z-values.



Example

= If X is distributed normally with mean of $100
and standard deviation of $50, the Z value
for 1S

X—p $200-$100

2.0

0)




Comparing X and Z units

$100 $200 $X(p=$100, o = $50)

Note that the shape of the distribution is the same,
only the scale has changed. We can express the
problem in the original units (X in dollars) or in
standardized units (Z)



Finding Normal Probabilities

Probability is measured by the area under
the curve

P(as X<h)
=P(a<X<bh)

(Note that the
probability of any
individual value is zero)

X




Probability as
Area Under the Curve

The total area under the curve is 1.0, and the curve is
symmetric, so half is above the mean, half is below

X

0.5 05

P(—0o< X<w)=1.0




The Standardized Normal Table

= The Cumulative Standardized Normal table In
the textbook (Appendix table E.2) gives the
probability a desired value of Z (i.e.,
from negative infinity to Z)

Example: M
P(Z<2.00)=0.9772 «




The Standardized Normal Table

(continued)

The gives the value of
Z to the second decimal point

Z 0.00 0.01 0.02..]

The row shows
the value of Z
to the first
decimal point

: The value within the
v table gives the
from Z = -
up to the desired Z

P(Z < 2.00) = 0.9772 vl




General Procedure for Finding
Normal Probabilities

Tofind P(a<X<b) when X Is
distributed normally:

= Draw the normal curve for the problem in
terms of X

= [ranslate X-values to Z-values

s Use the Standardized Normal Table



Finding Normal Probabilities

= Let X represent the time it takes (in seconds) to
download an image file from the internet.

= Suppose X is normal with a mean 0f18.0
seconds and a standard deviation of 5.0
seconds. Find P(X < 18.6)

18.0




Finding Normal Probabilities

(continued)

= Let X represent the time it takes, in seconds to download an image file from
the internet.

= Suppose X is hormal with a mean of 18.0 seconds and a standard deviation
of 5.0 seconds. Find P(X < 18.6)

X—p 18.6-18.0

o 5.0
U= 18/"“ =0
o=5 - o=1
18 18.6 X 0 0.12 Z
P(X < 18.6) P(Z <0.12)



Solution: Finding P(Z <0.12)

Standardized Normal Probability
Table (Portion)

P(X < 18.6)
= P(Z<0.12)

0.5478

0.00




Finding Normal
Upper Tail Probabilities

= Suppose X Is normal with mean 18.0
and standard deviation 5.0.

= Now Find P(X > 18.6)

18.0




Finding Normal
Upper Tail Probabilities

(continued)

= Now Find P(X > 18.6)...
P(X >18.6) = P(Z>0.12) =1.0 - P(Z<0.12)
= 1.0 - 0.5478 =[\EPY.

1.0-0.5478
= 0.4522




Finding a Normal Probability
Between Two Values

= Suppose X Is normal with mean 18.0 and
standard deviation 5.0. Find P(18 < X < 18.6)

Calculate Z-values:

18 18.6 X
0 0.12 Z

P(18 < X <18.6)
=P(0<Z<0.12)



Solution: Finding P(0 < Z<0.12)

Standardized Normal Probability
Table (Portion)

0.0 .5000 psjeZiiommsielsle

P(18 < X< 18.6)
=P(0<Z<0.12)

= P(Z<0.12)—-P(Z<0
= 0.5478 - 0.5000 = SHOEHE

0.00




Probabilities in the Lower Tall

= Suppose X Is normal with mean 18.0
and standard deviation 5.0.

= Now Find P(17.4 < X< 18)

‘ | X
18.0




Probabilities in the Lower Tall

(continued)

Now Find P(17.4 < X< 18)...
P(17.4 < X < 18)

=P(-0.12<Z<0) 0.0478
=P(Z<0)-P(Z<-0.12)

\
= 0.5000 - 0.4522 = [oReZ¥gs m

The Normal distribution Is

symmetric, so this probability
IS the same as P(0<Z<0.12) 18.0

X




Empirical Rule

What can we say about the distribution of values
around the mean? For any normal distribution:

M * 1o encloses about
68.26% of X’s

"~ 68.26%



The Empirical Rule

(continued)
= M*2o covers about 95.44% of X’s
= M*30covers about 99.73% of X’s
30 | 30

99.73%



Given a Normal Probability
Find the X Value

= Steps to find the X value for a known
probabillity:
1. Find the Z value for the known probability
2. Convert to X units using the formula:




Finding the X value for a Known
Probability (continued)

Example:

= Let X represent the time it takes (in seconds) to
download an image file from the internet.

= Suppose X is normal with mean 18.0 and standard
deviation 5.0

s Find X such that 20% of download times are less than

X.
0.2000

X

18.0




Find the Z value for
20% In the Lower Tall

1. Find the Z value for the known probability

= 20% area in the lower
Table (Portion) tail is consistent with a

Standardized Normal Probability

Z value of

.1.2033 ‘ .2005 mkerag

.1.2327 ‘.2296 2266




Finding the X value

2. Convert to X units using the formula:

X=u+2o
=18.0+(-0.84)5.0
=13.8

So 20% of the values from a distribution
with mean 18.0 and standard deviation
5.0 are less than 13.80




Chapter Summary

In this chapter we discussed:

= Computing probabilities from the normal distribution

= Using the normal distribution to solve business
problems

= Using the normal probability plot to determine whether a
set of data is approximately normally distributed
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