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Let Po(xo, Yo, 2z0) be a point in the plane and n = (a, b, ¢). Let P(x,y, z)
be any point in the plane,
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Let Po(xo, Yo, 2z0) be a point in the plane and n = (a, b, ¢). Let P(x,y, z)
be any point in the plane, then n.ﬁaﬁ =0.
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Let Po(xo, Yo, 2z0) be a point in the plane and n = (a, b, ¢). Let P(x,y, z)
be any point in the plane, then n.ﬁaﬁ = 0. The equation of the plane is:

Dr. Badr Alkahtani (King Saud University) Planes and Surfaces 4 Nov 2013 3 /34



Let Po(xo, Yo, 2z0) be a point in the plane and n = (a, b, ¢). Let P(x,y, z)
be any point in the plane, then n.ﬁaﬁ = 0. The equation of the plane is:

‘3(X—X0) +b(y = y0) + c(z — 20) = 0‘
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Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)

with normal vector a = 1999/ — 2999, + 3999k.

Solution:
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Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).
Solution: ﬁ = (2,—1,6) and PR = (—3,5,1).
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)

with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).

Solution: @ = (2,-1,6) and PR = (—3,5,1). The vector
n= @ X ﬁ? is normal to the plane,
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)

with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).

Solution: @ = (2,-1,6) and PR = (—3,5,1). The vector
n= @ X ﬁ? is normal to the plane, so

i j Kk
n=POxPR=|2 -1 6| =—3Li—20j+7k
-3 5 1
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).

Solution: PQ = (2,-1,6) and —F% = (—3,5,1). The vector
n= @ X ﬁ? is normal to the plane, so

ik
n=POxPR=|2 -1 6| =—3Li—20j+7k
3 5 1

Equation of the plane wih P(4,—3,1) and notmal to n is
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).

Solution: PQ = (2,-1,6) and —F% = (—3,5,1). The vector
n= @ X ﬁ? is normal to the plane, so

ik
n=POxPR=|2 -1 6| =—3Li—20j+7k
3 5 1

Equation of the plane wih P(4,—3,1) and notmal to n is

—31(x —4)—-20(y+3)7(z—1) = 0
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Planes

Q(1): Find an equatin of the plane through the point (—399,299, —199)
with normal vector a = 1999/ — 2999, + 3999k.
Solution:

1999(x -+ 399) — 2999(y — 299) + 3999(z + 199) = 0.

Q(2): Find an equation of the plane determind by the points
P(4,-3,1), Q(6,—4,7), R(1,2,2).

Solution: PQ = (2,-1,6) and —F% = (—3,5,1). The vector
n= @ X ﬁ? is normal to the plane, so

ik
n=POxPR=|2 -1 6| =—3Li—20j+7k
3 5 1

Equation of the plane wih P(4,—3,1) and notmal to n is

—31(x —4)—-20(y+3)7(z—1) = 0
= —31x — 20y + 7z +57 = 0.
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Planes

Note(1): Distance from a point P(xo, Yo, Z0) to the plane
ax+by+cz+d=0is:

laxo + byo + czo + d

h
Va2 + b? + c?
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Planes

Note(1): Distance from a point P(xo, Yo, Z0) to the plane
ax+by+cz+d=0is:

laxo + byo + czo + d

Va2 + b? + c?

Example: Find the distance from the point P(1, -2, 3) to the plane
—2x+4+3y —4z+5=0.

h
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Planes
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Example: Find the distance from the point P(1, -2, 3) to the plane
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Planes

Note(1): Distance from a point P(xo, Yo, Z0) to the plane
ax+by+cz+d=0is:

laxo + byo + czo + d

Va2 + b? + c?

Example: Find the distance from the point P(1, -2, 3) to the plane
—2x+4+3y —4z+5=0.

h

[ -2(2) +3(-2) - 4(3) + 5|

" V(=22 + 32 4 (—4)?
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Planes

Note(1): Distance from a point P(xo, Yo, Z0) to the plane
ax+by+cz+d=0is:

laxo + byo + czo + d

Va2 + b? + c?

Example: Find the distance from the point P(1, -2, 3) to the plane
—2x+4+3y —4z+5=0.

h

[ =2(2)+3(—2) - 4(3)+5 17
V(223 (42 V29

h
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Planes

Note(2):The shortest distance d between skew lines /1 and /5 is

g |(P1@2 x P1Q2).P1P3|

Fd ]
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Planes

Note(2):The shortest distance d between skew lines /1 and /5 is

|(P1@2 x P1Q2).P1P5|
< no

d =

Note(3): Planes P; and P; are orthogonal,
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Planes

Note(2):The shortest distance d between skew lines /1 and /5 is

|(P1@2 x PlQ2)-P1P2"
< no

d =

Note(3): Planes P; and P, are orthogonal, if ny.ny = 0.
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Planes

Note(2):The shortest distance d between skew lines /1 and /5 is

P1Q> x P1@2).P1Ps|

g :
Fd ]

Note(3): Planes P; and P, are orthogonal, if ny.ny = 0.
Note(4): Planes P; and P, are parallel,
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Planes

Note(2):The shortest distance d between skew lines /1 and /5 is

|(P1@2 x PlQ2)-P1P2"
< no

d =

Note(3): Planes P; and P, are orthogonal, if ny.ny = 0.
Note(4): Planes P; and P, are parallel, if ny = kns.
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Planes

Q(1): Find Parametric equations for the line of intersection of the planes

X+2y—9z = 77— P
2x =3y +17z = 0— Ps.
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Planes

Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4t,y =3+ —t,z=3t.
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Planes

Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4t,y =3+ —t,z=3t.
Solution:
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Planes

Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4t,y =3+ —t,z=3t.
Solution:The point Q(1,3,0) lies on the line.
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Planes

Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t =1
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Planes

Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3).
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q?
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,-1)
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= Q
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—-1,3).
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—1,3). The distance d is

given by
la x bl

d =
6]
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—1,3). The distance d is

given by
la x bl

d =
6]

SO

axb=
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—1,3). The distance d is
given by

la x b
=
SO
ik
axb=14 -1 3|=7i+10j— 6k.
2 -2 -1
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—1,3). The distance d is
given by

Ja x b
=0
SO
ik
axb=14 -1 3|=7i+10j— 6k.
2 -2 -1
Therefore,
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Q(2): Find the distance from the point P(3,1, —1) to the line:
x=1+4+4t,y =3+ —t,z=3t.

Solution:The point Q(1,3,0) lies on the line.We can choose another
point in the line by choosing t = 1 so we get a point R(5,2,3). Now we
have a = Q? =(2,-2,—1)and b= ﬁ? = (4,—1,3). The distance d is
given by

|a x b
d =
16|
o)
i k
axb=|4 -1 3|=7i+10j— 6k.
2 -2 -1
Therefore,
g /49 + 100 + 185 _ 267
v16+1+9
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Planes

Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:
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N
Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:the shortest distance is given by

_|(AB x CD) AC|
e xes]

h
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N
Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:the shortest distance is given by

_|(AB x CD) AC|
e xes]

h

NOW/@Z
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N
Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:the shortest distance is given by

(AB x CD).AC|
48 < cof -

h =

Now AB = (1,2,2),CD =
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.

Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (—6,2,5) and AC =

h =
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.

Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (—6,2,5) and AC = (3,3, —4).

h =
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.

Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (—6,2,5) and AC = (3,3, —4). So

/ﬁxC =

h =
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.

Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So

h =

AEx B |1

—6

N NS
N X
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>

are skew.
Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So

h =

AEx B |1

—6

= 6i — 17j + 14k.

N NS
N X
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>

are skew.
Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So

h =

ik
ABxCD=|1 2 2| =6i—17j+ 14k
-6 2 5
Now we copmute:
(AB x CD).AC =
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Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>

are skew.
Solution:the shortest distance is given by

(AB x CD).AC|
|48 < cof -

Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So

h =

AEx B |1

—6

= 6i — 17j + 14k.

N NS
N X

Now we copmute:

(AB x CD).AC =18 — 51 — 56 = —89.
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N
Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:the shortest distance is given by

,_ |(AB x cD).AC|
|48 < cof
Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So
ik
ABxCD=|1 2 2| =6i—17j+ 14k
6 2 5

Now we copmute:

(AB x CD).AC =18 — 51 — 56 = —89.

B | — 89|
/36 + 289 + 196
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N
Q(3): Find the shortest distance between the lines ¢1 through the points
A(1,-2,3), B(2,0,5) and line ¢ through C(4,1,—1), D(—2,3,4). {1,0>
are skew.
Solution:the shortest distance is given by

,_ |(AB x cD).AC|
|48 < cof
Now AB = (1,2,2),CD = (~6,2,5) and AC = (3,3, —4). So
ik
ABxCD=|1 2 2| =6i—17j+ 14k
6 2 5

Now we copmute:

(AB x CD).AC =18 — 51 — 56 = —89.

_ | — 89 _
/36 +289+196
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).
Solution:

Dr. Badr Alkahtani (King Saud University) Planes and Surfaces 4 Nov 2013 10 / 34



Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA = (—1,-10,3) and BC
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA = (—1,-10,3) and BC = (7, —1,5).
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA = (-1, -10, 3) and BC = (7,—-1,5). We have

|AD| =
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA = (-1, -10, 3) and BC = (7,—-1,5). We have

—
|AD| = Compg—%‘> = 7278?‘
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Planes

Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line

through B(3,4,—-2) and C(7,—1,5).
Solution:__)
We have BA = (-1, -10, 3) and BC = (7,—-1,5). We have

=i BABC 67
|AD| = Comp% = W = 755
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Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line
through B(3,4,—-2) and C(7,—1,5).

Solution:__)

We have BA = (-1, -10, 3) and BC = (7,—-1,5). We have

=i BABC 67
|AD| = Comp% = W = 755

The distance is:

|AD|
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Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line

through B(3,4,—-2) and C(7,—1,5).
Solution:

We have BA = (—1,-10,3) and BC = (7,—-1,5). We have

5 BABC

67
|AD| = Comp% = HRH = \/ﬁ

The distance is:

/ 672
AD| = /110 — — = 7.75.
|AD %0

Dr. Badr Alkahtani (King Saud University) Planes and Surfaces

4 Nov 2013

10 / 34



Q(4): Use the dot product to find the dstance from A(2, —6,1) to the line

through B(3,4,—-2) and C(7,—1,5).
Solution:__)
We have BA = (-1, -10, 3) and BC = (7,—-1,5). We have

=i BABC 67
|AD| = Comp% = W = 755

/ 672
AD| = /110 — — = 7.75.
|AD %0

|4~ &¢]

5]

The distance is:

Check that:

|AD| =
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Definition

let ¢ be a curve in a plane and ¢ be a line that is not a parallel to the
plane. The set of points on all lines that are parallel to £ and intersect
with c is a cylinder.
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Surface

E nae
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Surface

E nae
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Surface
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Surface

E nae
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Surface

E DA
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Sketching Planes in Space:

Dr. Badr Alkahtani (King Saud University) Planes and Surfaces 4 Nov 2013 19 / 34



Sketching Planes in Space: If a plane in space intersect one of the
coordinate planes, we call the line of intersection the trace of the given
plane in the coordinate plane.
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Cirele
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The equations for Ellipse is:
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The equations for Ellipse is:

2 2 y2 Z2 X2 22
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The equations for Ellipse is:

X2 y2 y2 22 X2 22
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directrix

{at?, 2at)
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Quadric Surface

For more information check:
http://tutorial.math.lamar.edu/Classes/CalcIII/
QuadricSurfaces.aspx
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Quadric Surface

For more information check:
http://tutorial.math.lamar.edu/Classes/CalcIII/
QuadricSurfaces.aspx

The graph of a second-degree equation in x, y, z:
Ax? + By? + Cz2+ Dxy + Exz + Fyz+ Cx+ Hy + Iz+J =0

is a quadric surface.
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Quadric Surface

For more information check:
http://tutorial.math.lamar.edu/Classes/CalcIII/
QuadricSurfaces.aspx

The graph of a second-degree equation in x, y, z:
Ax? + By? + Cz2+ Dxy + Exz + Fyz+ Cx+ Hy + Iz+J =0

is a quadric surface.
There are three types of quadric surfaces:

© Ellipsoids.
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Quadric Surface

For more information check:
http://tutorial.math.lamar.edu/Classes/CalcIII/
QuadricSurfaces.aspx

The graph of a second-degree equation in x, y, z:
Ax? + By? + Cz2+ Dxy + Exz + Fyz+ Cx+ Hy + Iz+J =0

is a quadric surface.
There are three types of quadric surfaces:

© Ellipsoids.
© Hyperboloids.
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Quadric Surface

For more information check:
http://tutorial.math.lamar.edu/Classes/CalcIII/
QuadricSurfaces.aspx

The graph of a second-degree equation in x, y, z:
Ax? + By? + Cz2+ Dxy + Exz + Fyz+ Cx+ Hy + Iz+J =0

is a quadric surface.
There are three types of quadric surfaces:

© Ellipsoids.
© Hyperboloids.
© Paraboloids.
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Quadric Surface Sl

Elipsoid surface equation has the form:

X2 y2 22
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Quadric Surface Ellipsoid

Elipsoid surface equation has the form:

X2 y2 22

Stmt =1
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Quadric Surface Ellipsoid

E nae
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Quadric Surface Ellipsoid

E nae
Dr. Badr Alkahtani (King Saud University) Planes and Surfaces 4 Nov 2013 29 / 34




[a] Hyperbolids of One Sheet:
The equation has the form:
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[a] Hyperbolids of One Sheet:
The equation has the form:

X2 y2 Z2
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[a] Hyperbolids of One Sheet:
The equation has the form:
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[b] Hyperbolids of Two Sheets:
The equation has the form:
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[b] Hyperbolids of Two Sheets:
The equation has the form:
X2 2 R

_?_’_?—?:1’3>0,b>0,C>0
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[b] Hyperbolids of Two Sheets:
The equation has the form:

X2 y2 22
_?+§_?:1,a>0,b>0,c>0
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[c] Cone:
The equation has the form:
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[c] Cone:
The equation has the form:
2 2 2

% %zz,a>0,b>0,c>0
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[c] Cone:
The equation has the form:

X2 y2 22

a2 p?

:?,a>0,b>0,c>0
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Quadric Surface Paraboloid

The equation has the form:
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Quadric Surface Paraboloid

The equation has the form:
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Quadric Surface Paraboloid

The equation has the form:

X2+y2
4
a2 p?

z

Acaderiy Ariworks

Dr. Badr Alkahtani (King Saud University) Planes and Surfaces 4 Nov 2013

33 /34



Quadric Surface Hyperbolic Paraboloid

The equation has the form:
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Quadric Surface Hyperbolic Paraboloid

The equation has the form:

y2 X2
B2
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Quadric Surface Hyperbolic Paraboloid

The equation has the form:

b2 a2
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